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Preface 

F o r  practicing organic chemists the simple, linear- 

combination-of-atomic-orbitals (LCAO), molecular-orbital 

method permits useful calculations of semi-empirical elec- 

tronic energies of unsaturated molecules with no more  than 

high school algebra. Anyone who can find the roots of 

x4 - 5x2 + 4x = 0 graphically, analytically, or -by successive 

substitutions can obtain the energy levels and calculate the 

IT-electron energy of bicycle[ 1.1. 01 butadiene. 

bicyclobutadiene 

If in addition he can solve x4 - 4x2 = 0, then he can compare 

bicyclobutadiene with cyclobutadiene and predict what changes 

the 1, 3 bond would make in the a-electron energies. With no 

more advanced mathematics, one can compute bond orders ,  

charge distributions, and reactivity parameters  for both free- 

radical and polar processes.  The resul ts  may be crude, but 

they a r e  often highly suggestive; there i s  no excuse for a mod- 

ern  organic chemist not to be able to use the LCAO method. 

The notes that make up this book have been used for 

many years  a t  the California Institute of Technology to intro- 

duce seniors and graduate students to the elements of the 

simple LCAO method. A fairly large number of exercises  

a r e  interspersed in  the text to i l lustrate important points. It 

i s  recommended that these be solved a s  encountered. Some 

of the problems a r e  hoped to be suggestive of possible research  

problems in the field. 

These Notes a r e  not intended a s  a complete course of 

study and shouldibe supplemented by the reference works listed 

v 



in the Bibliography. No attempt has been made to survey the 

recent l i terature.  The purpose has been to provide a practical 

introduction. As a resul t  ho appropriate acknowlkdgment to 

either the priority of ideas or  to their development has been 

given. 

This set of notes would never have been written without 

the generous contributions of Professor W. G. McMillan and 

Dr. V. Schomaker to the author 's education in  the subject 

mat te r .  Camera copy was prepared by Mrs. Allene Luke with 

the aid of Miss Joy Matsumoto. 

JOHN D. ROBERTS 
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Chapter 1 

Atomic Orbital Models 

MOLECULAR ORBITAL and valence bond calculations 

of the w-electron energies of unsaturated molecules custom- 

ari ly  s ta r t  with models in  which appropriate atomic orbitals 

a r e  assigned to each nucleus to provide a framework for 

-notions of the binding electrons. Atomic orbital r epre sen- 

tations of organic molecules a r e  now very commonly used in  

the teaching of elementary organic chemistry, although there 

often seems to be confusion between atomic orbital and mo- 

lecular orbital representations . 
Knowledge of how to set  up an atomic orbital model for 

an organic molecule i s  crucial to the LCAO calculations de- 

scribed i n  these notes. Any reader  who i s  familiar with 

atomic orbital representations can omit study of Chapter 1- 

or else only work the problems a t  the end of the chapter. 

The quantum-mechanical treatment of the hydrogen 

atom has been thoroughly worked out. A number of stationary 

(non-time variable) states a r e  possible. Each state may be 

'Cf. C. A. Coulson, Quarterly Reviews, 144 (1947). 
2 ~ .  Pauling, "Nature of the Chemical Bond, " pp. 14-15, 

32-37, 47-51, Cornell University P re s s ,  Ithaca, N. Y., 3rd 
Edition, 1960. 



said to correspond to a particular atomic orbital. The wave- 

mechanical orbitals a r e  quite different in concept from plan- 

etary orbits,  and the position of the electron in a given orbital 

cannot be precisgly defined. We can only speak of the proba- 

bility of finding the electron within a given volume element a t  

a given distance and direction from the nucleus. 

The most stable state of the hydrogen atom i s  the 1s - 
state where 1 re fers  to the principal quantum number a s  

corresponds to the K shell for valence electrons. The 1s - 
;itate i s  spherically symmetrical a s  regards to the probability 

density for the electron. As a function of radius, r ,  from 

the nucleus we have 

d 
0 
F.4 h 
42 42 
u 

G $  
4 P 
d 0 ;d" F.4 

d a 
d 

0.00 0 .53  1.00 Radial electron 
Distance from the nucleus, A. probability contours 

where the radial probability i s  the probability of the electron 

being in the volume element defined by the distances r and 

r t d r .  The distance of maximum probability r o  turns out to 

be just the distance taken a s  the normal radius of the electron 

orbit in the Bohr picture of the hydrogen atom. 

We shall henceforth represent the 1 s orbital a s  a spher- - 
ical shell about the nucleus having a radius such that the prob- 

ability of finding the electron within the boundary surface i s  

high (0. 8 to 0. 45): 



The 2s state i s  very much like the 1s  state except that r i s  - - 0 
la rger  and the energy greater. 

The 2p states (three in all) a r e  quite different in geq- - 
metrical  form. 

The axes of the three p orbitals l ie  at  right angles to one - 
another, and the orbitals a r e  not spherically symmetrical 

about the nucleus. 

The 3s and 3p states a r e  similar to the 2 s  and 2p - - - - 
states but a r e  of higher energy. The 3d, 4f, etc. orbitals - - 
have still higher energies and quite different geometries. 

Generally, the 3d - and 4f - orbitals a r e  not important for bond- 

ing in most organic substances, a t  least  those which a r e  

compounds of hydrogen and elements in the f i r s t  long row 

of the periodic table. 



tells us that no more than 

two electrons can occupy a given orbital and then only if they 

do not have identical quantum numbers, Two electrons in the 

same orbital differ with respect to electron spin, which has 

the permitted quantum numbers +1/2 , -1 12. Two electrons 

with "paired" spins may be symbolized a s  f C  . Such a pair 

of electrons can go into a single orbital. The symbols fi 
(or b t  ) represent two electrons that may not go together 

into a single orbital. 

If we assume that a l l  atomic nuclei have orbitals like * 
those of the hydrogen atom, we can see how more complex 

atoms can be built up by adding electrons to the orbitals in 

order  of decreasing stability. F o r  each atom, the proper 

number of electrons is added to balance the nuclear charge. 

Figur'e 1 shows the building up of the lowest state of a 

carbon atom. The two highest energy electrons a r e  put into 

different 2p'orbitals - with unpaired spins in accordance with 

Hund's rule. The rationale of Hund's rule i s  quite simple. 

If there a r e  two electrons that can go into two orbitals of the 

same energy (-orbitals), their mutual repulsion 

energy will be less  if they have unpaired spins ( .)) ) and thus 

a r e  not able to be in the same orbital a t  the same time. For  

this reason, the electronic configuration 

i s  expected to be more stable than the configuration 

if'the orbitals have the same energy. 

*c 
With the hydrogen atom, the 2s and 2p states have the - 

same energy ( . sincethis  i s  not true 
for other atoms, we shall show 2s - and 2p states a s  having - 
different energies. 



Fig. 1. - Atomic energy levels 

States like the one shown in Fig. 1 for carbon a r e  built 

up through the following steps. Helium has two paired electrons 

in  the 1s - orbital; i t s  configuration i s  written Is2. - 

~ e *  + 2 e ( ) t )  - He Is2 (more stable state than - 
ls2s; ls2p, etc. ) - -  - -  

4-4 
/ffr He Is2 - 

He + 2 e ( t t )  
He ls2s  (most stable state possi- - - 

ble for helium with un- 
paired electrons) 

For  ~ i *  + 3e, we expect Li ls22s a s  the stable state where - - 
the 1 2  electrons a r e  paired. Continuing in  this way we can 

derive the electronic configurations for the elements in  the 



f i r s t  two rows of the periodic table a s  shown i n  Table 1-1. 

These configurations follow Hund's ru le  for the mos t  stable 

electron state.  

BOND FORMATION USING ATOMIC ORBITALS 

In writing the conventional Lewis s t ructures  for mole- 

cules, we assume that a covalent chemical bond between two 

atoms involves sharing of a pair  of electrons f rom each atom. 

The following representation shows how atomic orbitals can 

be considered to be used in  bond formation. 

overlap, 

H-H 

Here,  we postulate that: 

5 

This formulation i s  no particular improvement over what i s  

implied by Lewis s t ructures ,  except i n  so far  a s  it provides 

further appreciation that the electrons involved mus t  have 

paired spins. Because only two paired electrons can occupy 

a given orbital ,  a c lea r  reason  i s  provided a s  to why two 

elect rons  a r e  involved i n  single-bond formation ra ther  than 

3, 5 o r  10. This type of bond i s  called, i n  molecular-orbital 

parlance,  a u bond. - 
An important idea which i s  not c lear ly  (if a t  a l l )  implied 

in Lewis s t ructures  i s :  The direction of a bond will be such 

/ 
/ 





This idea does not apply to bonds involving only s - 
orbitals because - s orbitals a r e  spherically symmetrical. 

However, it i s  very important in the formation of bonds 

with - p orbitals. F o r  bonding of a hydrogen by i ts  1s orbital - 

to a given - p orbital, the hydrogen nucleus will l ie  along the 

axis of the - p orbital since this gives the maximum overlap 

for  a given degree of internuclear repulsion. 

F o r  an  atom which forms two u bonds with p orbitals - 
>$ 

to hydrogen we would expect the < H-X-H to be 9 0 " .  

>% 
In the drawings here  and later  the shapes of the p 

orbitals will be represented a s  grossly elongated, tangent 
ellipsoids instead of tangent spheres. This representation 
i s  desirable in order  to make the drawings clear  and should 
not be  taken for the correct  orbital shape. 



The orbital treatment here offers improvement over Lewis 

structures through the idea of directed bonds and the possi- 

bility of predicting bond angles. Without further thought i t  

would be possible to go too far  and predict, because only - s 

and - p orbitals a r e  commonly involved for the atoms of organic 

compounds of elements in the f i r s t  long row of the periodic 

system, that all  bond angles for such substances would be  

either indeterminate ( s  - orbitals with spherical symmetry) o r  

90" (p orbitals). This dilemma has been resolved by orbital 

hybridization, a s  will be described later.  

A useful working postulate is: 

On this basis we expect differences in bond-forming power 

for  s, p, d, and - f orbitals since these orbitals have different 

radial distributions. The relative scales of extension for 2 s  

and 2p orbitals a r e  1 and 4 3  respectively. 

The shape of the - p orbitals leads to the expectation that - p 

orbitals should be able to overlap other orbitals better than 

s orbitals and hence that p bonds should be generally stronger - - 
than s bonds. If there i s  a choice between formation of s and - - 
p bonds, p bonds should lead to more  stable compounds. - - 

The distribution of p orbitals about the nucleus leads to - 
the expectation that - p bonds should be a t  right angles to one 

another. The water molecule might be formulated thus in  

t e rms  of atomic orbitals: 



(It will be  seen that the octet rule  follows very naturally here 

through having all available stable orbitals filled with elec- 

trons. ) The actual < H-4-H i s  104. 5", which i s  quite a bit 

l a rger  than the predicted value of 90". One explanation of 

the difference between the found value and 90" i s  that elec- 

trostatic repulsions between the hydrogens (which must  be 

partially positive because of the greater  electron-attracting 

power of oxygen relative to hydrogen) tend to spread the 

H-0-H angle. 3 

Best arrangement 

of orbitals 

Best Least electrostatic 

compromise repulsions 



The 104. 5" angle i s  then the best possible compromise between 

electrostatic repulsion and the bond weakening expected be- 

cause of departure from the favorable 90" angle for p-orbital - 
overlap. 

Considerable support for this idea i s  provided by the 

< H--S-H of 92 " in hydrogen sulfide, which, with a la rger  cen- 

t r a l  atom and less  ionic bonds, would have smaller electro- 

static repulsions between the hydrogens than water. 

Significantly pH3, AsH3, and H2Se al l  have < H-X-H = 90" 

* 2". 

HYBRID BOND ORBITALS 

From what has been said so fa r ,  one might expect 

carbon with the ls22s2Zp2 - - - configuration to form only com- 

pounds such a s  :CRZ with < R--C-R = 90°, o r  e lse  1 - s22 - sp3 

compounds (CR4) with three - p bonds a t  Y O 0  to one another 

and an  s bond in an unspecified direction. Since CHp, CCL, - 
etc. have been shown beyond any possible doubt to have tet- 

rahedral configurations, the simple orbital picture breaks 

down when applied to carbon. 

Pauling and Slater have resolved this discrepancy 

between theory and experiment by introducing the concept 



of orbital hybridization. The hybridization proqedure 

involves determining which (if any) linear combinations of 

s and p orbitals might make more effective bonds than the - - 
individual s and p orbitals for a given total number of bonds. - - 

By way of illustration let us suppose that we have a s - 
and a p orbital available to form two bonds: - 

Note that neither the s o r  p orbitals can utilize al l  of their - - 
overlapping potential for an - s orbital of anothkr,nucleus along 

the x ax i s .  Obviously, however, if we can combine these 

orbitals in such a way a s  to utilize more of the overlapping 

power of the orbitals, we would have stronger bonds and more 

stable molecules. It should be clear that mutual reinforce- 

ment of the - s and -px orbitals will be expected to be most ef- 

fective along the x axis. The mathematical treatment of 

orbital hybridization i s  beyond the scope of these notes; how- 

ever, the results a r e  in accord with our expectation in that 

two new orbitals a r e  predicted. Each of these has an angular 

dependence something like a s  shown on the following page with 

overlapping power of 1. 93 compared to the - s orbital taken a s  

unity. Since these orbitals a r e  a combination or  a hybrid of 

a - s and a - p orbital, they a r e  commonly called "sp-hybrid - 
orbitalsH. Both lobes of the hybrid orbitals can be used for 

bond formation, and bond angles of 180" a re  expected. 



In agreement with these ideas, mercury in (CH3)2Hg 

forms two covalent bonds and the < C-Hg-C i s  180". Simi- 
larly,  < C-Ag-C = 180 ' in the [ N=C-Ag--CrN '1 complex. 

F o r  atoms forming three covalent bonds we expect sp2 
- 

hybridization: 

The spZ orbitals have their axes in a common plane because - 
the - p orbitals a r e  thereby utilized most  effectively. The 

predicted overlapping power of these orbitals i s  1. 99. 
On the assumption of formation of sp2-hybrid bonds, - 

trivalent compounds of boron a r e  expected to be planar with 

angles between bonds of 120". This geometry has been dem- 

onstrated for BC13, B(CH3)3, etc. 

F o r  sp3-hybrid orbitals of elements such a s  carbon, we - 
will not expect the four hybrid orbitals to l ie  in one plane; 

actually, the axes of the best hybrid orbitals (sp3) that can - 



be formed a r e  predicted to be directed a t  angles of 109" 28' 

to each other. These angles a r e  just the tetrahedral angles 

found for  methane, carbon tetrachloride, etc. The predicted 

relative overlapping power of sp3-hybrid orbitals i s  2.00. 

Other ways of calculating the overlapping power of 
5 

hybrid orbitals suggest the order  sp > sp2 > sp3 >> p,  which - -  - - 
i s  supported by the order  of the corresponding C-H bond 

strengths in organic compounds. In any case, the hybrid 

orbitals a r e  predicted to be much more  effective than p o r  - 
s orbitals separately. - 

BOND ORBITALS FOR ATOMS CARRYING UNSHARED 

ELECTRON PAIRS 

Hybridization might be expected to be quite important 

in ammonia, in water,  and in similar compounds with un- 

shared electron pairs  because use of the 2s orbitals would - 
make stronger bonds, perhaps of the - sp3 type, consequently 

giving more  stable molecules. But such hybridization does 

not seem to be important. The reason is that in order to 

use the s orbital for bond formation, an electron has to be - 
promoted from s2 to a higher orbital. Thus, if sp2 bonds - - 

5 ~ .  A. Coulson, I1ValenceH, pp. 198-200. Oxford 
University P re s s ,  London, 1952. 



a r e  to be made and the unshared pair i s  put i n  zp2,  - then for 

nitrogen the following change i s  necessary: 

The promotion energy for this change from l s 2 ~ s 2 2 p 3  - - - to 

1 ~ ~ 2 ~ 2 ~ ~  i s  on the order  of 200 kcal. for nitrogen. - - -  
Although changing from pure p - to - sp2 bonds might 

increase the bond strengths by a s  much a s  25 to 30 kcal., 
4 

this does not appear to be enough to compensate for promo- 

tion of the s electron. No important hybridization of the s - - 
and - p orbitals i s  to be expected for  compounds with unshared 

electron pairs ,  such a s  ammonia and water. 

F o r  atoms such as carbon, the - s- to p-promotion - 
energy i s  compensated for by the possibility of forming m o r e  

bonds, not just better bonds. Thus C(2s2Zp 2p ) might form - -X -y 
two p bonds of perhaps 80 kcal. each to hydrogen atoms and - 
l iberate 160 kcal. ,  while C(2s2p 2p 2p Z) could form four - - x  -y - 
sp3 bonds of 103 kcal. each to hydrogen atoms and liberate - 
412 kcal. The energy of the latter process i s  clearly suffi- 

cent to accommodate the electron promotion energy (96 kcal. ) 

for  C ls22s22p2 - - -  ---C C 1s22s2p3, and promotion and hybrid- - - -  
ization with the formation of two extra strong bonds i s  to be 

expected. 

ORBITALS FOR MULTIPLE BONDS 

There a r e  several possible atomic orbital formulations 

of multiple bonds. F o r  the LCAO treatment of unsaturated 

compounds, the so-called lr-T formulation of multiple bonds 

i s  most  suited for  practical calculations. This fact should 

' ~ e f .  2, pp. 136-142. 
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not be taken a s  implying any r ea l  fundamental validity relative 

to other formulations. A U-n formulation of nitrogen follows: 

Y IT bond 

The sidewise overlapping of p orbitals i s  designated a s  n over- 

lap to distinguish i t  from the endwise u overlap. 

n overlap 

The - s electrons will not be significantly involved in the N-N 

triple bond because of the promotion energy of the - s electrons. 



F o r  acetylene, the bonding i s  not well formulated with 

u-type p bonds with the 2s orbitals filled a s  shown below: - - 

Fi r s t ,  the -CsC-- bond i s  stronger (194 kcal. ) than a 

bond (83 kcal. ); second, the H-C-C angles a r e  not 90 

180". The following model i s  more  reasonable: 

11-11 

-C-c- 

" but 

This structure fits well with the properties of acetylenic bonds 

in  being linear with high refractivity (ease of interaction of 

light with electrons) and high chemical reactivity (.rr electrons 

expo s ed) . 
The question a r i s e s  a s  to why acetylene i s  not just a s  

well formulated with sp3 bonds. - 



The following reasons may be advanced against such a for- 

mulation: F i r s t ,  sp3 bonds a r e  not expected to be very - 
favorable when the internuclear line i s  fa r  from coinciding 

with the axis of the overlapping orbitals. With sp3 orbitals, - 
the bonds would have to be considerably "benttt bonds of 

much l e s s  than usual strength. Second, the C-H bonds in 

acetylene a r e  different from those in ethylene o r  ethane, a s  

judged by their C-H stretching and bending frequencies in 

the infrared and in their bond energies. Furthermore, the 

hydrogens of acetylene a r e  very much more  acidic than those 

of ethane. If we conclude that the C-H bonds a r e  not sp3 in - 
character ,  then a s  a corollary the C--C bonds a r e  not sp3 - 
either. 

Ethylenic bonds may be formulated a s  follows with 

atomic orbitals and r-TT bonding: 

The observed values for  the H--C-H angles of ethylene a r e  

116. 7 * 0. 7", which i s  ra ther  f a r  from what would be expec- 

ted for  - sp3 hybridization. In addition, the C-H bending and 



stretching vibrations of ethylene in the infrared a r e  different 

from those of acetylene and ethane. That the H--C-H angle 

of ethylene and the corresponding external angles of other 

alkenes range from 116.7" to close to 115O rather  than the 

120" predicted for pure sp2 bonds may be regarded a s  signi- - 
ficant o r  not, depending upon one's point of view. For  the 

purposes of the present discussion, we shall assume that 

the r-IT formulation i s  by no means rendered untenable by 

the existing evidence and that, in fact, i t  *will be the formu- 

lation of choice for LCAO calculations. 

On the basis of the a-T model, we can conclude that 

the following twisted configuration should not be very stable: 

Here the p orbitals a r e  not in position to overlap effectively -z 
in the IT manner. The favored configuration i s  expected to 

have the axes of the p-IT orbitals parallel; a s  a result  all the - 
atoms directly attached by - sp2-cr bonds to the ethylenic linkage 

should a l l  l ie in the same plane. This i s ,  of course,  in  agree- 

ment with experiment. Since considerable energy would have 

to be put in to break the p-IT double bond and to permit rotation - 
about the remaining sp2-a bond, restr ic ted rotation and stable - 
cis- trans isomers  a r e  expected. -- 

F o r  a system with 1,3-double bonds, such a s  butadiene, 

we can make up an atomic orbital model a s  shown on the next 

page: 



F r o m  this model we can expect behavior for butadiene which 

would not be possible in molecules with isolated double bonds 

because of the IT overlap involving the 2 ,3  orbitals. This can 

be expressed in more  conventional symbols a s  

where the 2 , 3  bond may be considered to have a t  least some 

double-bond character resulting from IT overlap. We shall 

show la te r  how the importance of 2 ,3  bonding can be esti- 

mated for  1,3-butadiene. 

F o r  benzene, we can construct the following atomic 

orbital model: 



Each pz electron i s  paired with i ts  neighbor, and the 

p orbitals overlap in the a manner around the ring. Note - 
that al l  of the a bonds a r e  expected to be equivalent if the 

C--C bond distances a r e  equal. The atomic orbital picture 

accounts well for the stability and symmetry of benzene. It 

i s  somewhat less  satisfactory in the particular form to ex- 

plain the properties and reactions of substituted benzene 

derivatives. 

On extension of atomic orbital appr,oaches to cyclo- 

b'ctatetraene, it i s  found impossible to construct an unstrained 

planar model with sp2-u bonds a t  120 O .  - 0 There i s  no unstrained atomic orbital 

model where the pz orbitals on one 

carbon atom can overlap equally ef- 

fectively with those on contiguous 
Cyclob'ctatetraene carbon atoms. 

In this situation one might foresee either a strained 

planar structure with strong a bonding such a s  in benzene or  

an unstrained nonplanar structure with more or less  isolated 

double bonds. In any case, we do not expect cycloktatetra- 

ene to behave like benzene. Actually cyclob'ctatetraene be- 

haves like an unsaturated compound and possesses the 

configuration with alternating single and double bonds a s  

shown below: 

"tub" 



Exercise  1-1 

Make drawings of atomic orbital  models for each 
of the following compounds. Each drawing should be 
large and clear  with indication of the expected bond 
angles. Be sure  that orbitals occupied by unshared 
pa i rs  a s  well a s  those used by each atom in bond for- 
mation a r e  correctly labeled. 

c. acetonitrile 1. ketene 

d. phenanthrene m. pyridine 

e. graphite 

f. HCN 

g. GO2 

h. HzOz 

i. BF3 

n. diazomethane 

(C C-N-N = 180") 

o. methyl isocyanide 

(< C-N-C = 180") 

p. CH5@ 



Chapter 2 

Molecular Orbital Calculations. 

Electronic Energy Levels 

IN THE APPLICATION of molecular orbital theory to 

calculations of chemical binding energies, we shall use several 

basic principles, some of which were mentioned in Chapter 1 

and a r e  given here by way of review: 

1. 2 - 
Wave-mechanical orbitals differ fundamentally from the pre- 

cisely defined orbits of the Bohr quantum theory. The electron 

cannot be located exactly in the orbital (uncertainty principle), 

and one can only calculate the probability that the electron will 

be present in a given volume element in the region of the nu- 

cleus. 

3, > 
orbital. (See p. 4) 
NVWIIC 

static in nature. 

THE WAVE EQUATION$ $ 

We shall s tar t  with an elementary and general introduction 

to the wave equation and become more  specific and more  approx- 

imate a s  required by the complexities to be encountered. F i rs t ,  

we consider the H ~ @  molecule ion because this i s  the simplest 



of al l  bonded species with just two nuclei and one electron. 

The energy of the system can be divided into potential and 

kinetic energy a s  follows: 

Total energy = potential energy + kinetic energy 

E = P S K  

If the system were to obey classical mechanics, then E = H, 

where H represents the Hamiltonian for  a stationary (time- 

independent) state. F o r  wave motion this equation i s  rewrit- 

ten a s  

where + is the wave function and H i s  the 

operator. ' We shall not be concerned with the precise mathe- 

matical form of either H o r  4. The following general remarks 

can be made regarding H and +: 
1. H contains both potential and kinetic energy terms. 

2. H$ is to be taken a s  the result of the operation of 

H on the function + just a s  2 x  i s  the result of the operation of 

d/dx on 2. For  this reason we expect H+ f +H even though 

= *E. 
3. + i s  an electron amplitude function that may have 

either a positive o r  negative sign a t  a given point (x, y, z) and 

has properties such that 4'(x1 y1 Z )  dxdy dz i s  proportional to 

the probability of finding the electron at  (x, y, z) in a volume 

element of size dxdydz. Now, if 

1: 1.. 1.: + 2 d x d y d z = 1  ( o r  + ' d ~ = l )  J 
then the wave function + i s  said to be normalized. This 

amounts to saying that there i s  unit probability of finding an 

'C. A. Coulson, "Valence", Chap. III, Oxford Uni- 
versity P ress ,  London, 1952. 



electron having the wave function $ somewhere in al l  space. 

Strictly speaking, we should consider the possibility of com- 

plex $ functions, i. e. those containing d -1; in such cases  the 

normalized functions have 

$< 
where $ = the complex conjugate of +. But we shall ignore 

such possibilities because complex $ fun&ions will not be 

important in the type of calculations covered by these Notes. 

4. Each state of the hydrogen atom, I s ,  Zs, 2p, e tc . ,  * - - -  
has a corresponding $ function from which the electron 

probability density and energy can be calculated. 

5. H will not contain time a s  a variable for the s tates  

that will be of interest to us here.  

MOLECULAR ORBITALS. THE LCAO METHOD 

The molecular orbital method assumes that the prop- 
@ ert ies  of HZ, .,might be calculated through consideration of 

the two nuclei surrounded by a single molecular orbital re-  

presented by +molecule and containing one electron. Thus, 

where J ('molecule l2 d~ = 1, if +molecule 
i s  normalized. 

These equations a r e  not formidable; the trouble comes in 

the form of H and $molecule and the use of them to calcu- 

late E. 

The linear combination of atomic orbital (LCAO) 
0- 

method for  H ~ @  assumes that $molecule can be approximated 

>: 
A serious notational problem a r i s e s  with regard to the 

atomic wave functions. Various authors have used $, +, X, 
etc. We shall use X but with no conviction that this i s  the best 
o r  wisest choice. 



a s  a l inear combination of atomic orbitals having the individ- 

ual wave functions Xn. Thus qJmolecule -- C I  X I  t czX2. The 

coefficients cl  and cz might be expected to be equal for Hz @ 

but unequal for unsymmetrical molecules such a s  LiH. We 

shall find that the number of constructable molecular orbitals 

in the LCAO method i s  always equal to the number of atomic 

orbitals. 

We shall t rea t  cl  and cz a s  parameters  for which we 

shall wish to determine values; qJ will be used for qJmolecule 

and XI and Xz will be used for the respective atomic orbitals. 

E will be found in t e rms  of cl  and cz and the energies of the 

atomic orbitals, and to do this we s tar t  with 

and multiply through by qJ so that 

Integration over a l l  space then gives 

0 r E = J 

J*"T 

In the las t  equation E i s  obtained in a form such that the 

coordinate problem i s  greatly simplified. Substituting 

c l  X I  + czXz for qJ we have 



It can be shown for solutions of E which correspond to physical 

reality that 

We can now make the following substitutions: 

We a r e  interested in the minimum value of the energy. Using 

the variation method, we have 



In the same way aE / acz = 0 yields 

Permitted values of E for  the system of simultaneous I 1 s 1  

equations correspond to the roots of the secular determinant 

Once we know E we can get ratios of cl and c2 from the simul- 

taneous equations. Final c1 and c2 values must  conform to the 

normalization condition. In the general case, where 4 = cl+l  

+ ~~4~ + . - . c ~ + ~ ,  the t tsecular" determinant becomes 

Such determinants have a "diagonal of symmetry" (Hermitean) 

and have n r ea l  roots. Further  progress  now depends on eval- 

uation of H.. and S.. . 
1J 1J 

THE OVERLAP INTEGRAL, S.. 
1J 

The S.. integrals a r e  of the type 
1J 



If i = j, then 

S.. = (Xixi d~ = fiiZ dT = 1 
1J 

for normalized atomic orbitals. This simplifies our original 

matr ix  to 

H ~ z  - SIZE H z 2 - E  HZ;, - SznE 

Hin-  SlnE . Hnn - 

When i # j, if 

then X ,  and X. a r e  said to be-. Since S.. i s  in a 
1 J 1J 

sense a measure of how "non-orthogonal" Xi and X.  a r e ,  S.. 
J 1J 

has been called the "non-orthogonality'' integral. Orthogonal 

X functions a r e  independent X functions and because X func- 

tions of orbitals widely separated in space a r e  independent, 

the corresponding X's of such orbitals a r e  expected to be  

orthogonal. 

F o r  s functions, i t  can be shown that S.. var ies  f rom 0 - 
1J 

to unity depending upon how far  apart  in  space the orbitals 

a re .  The closer the centers of the X functions, the la rger  i s  

S... In this sense S.. can be called an  "overlap integral" since 
1J 1J 

i t  is a measure of how much the orbitals i and j overlap. In 

the usual "zeroth" approximation of the LCAO method S.. 
1.1 

(i # j) i s  taken equal to zero. This i s  by no means necessary 

but i t  does simplify the calculations considerably. 

Some idea of how the magnitude of S.. for the different 
1J 

carbon orbitals varies with the internuclear distance r.. is 
1J 



shown by the following graph based on calculations by 

Mulliken: 
2 

0. 6 
S.. 

1J 

benzene distance 

Later on we shall be concerned largely with p-IT bond- - 
ing, and it will be seen that the values of p-IT Sij range between - 
0.20 to 0 .27 over the usual range of carbon-carbon bond dis- 

0 

tances f r om 1.20 to 1 .54  A. At much greater  distances Sij 

can be safely taken a s  zero.  The consequences of neglecting 

S.. a r e  usually not very serious,  a t  leas t  a t  the level of ap- 
1J 

proximation we shall be in teres ted i n  here .  

Exerc i se  2-1 

The graph of Sij a s  a function of r i j  shows 2p-~r - 
overlap to inc rease  monotonically to unity a s  r i j  de- 

c rea se s .  On the other hand for 2p-u - overlap Sij in- 

c r e a s e s  to a ma+mum, then goes to zero,  and changes 
sign a t  r i j  <0. 7 A. Explain. 

If Sij with i f j i s  taken a s  zero,  then the determinant 

simplifies a s  shown on the next page. Fur ther  p rogress  a t  

this point depends upon evaluation of the H integrals.  

2 ~ .  S. Mulliken, Record of Chemical P rog re s s ,  
Summer 1952, p. 67.  



THE COULOMB INTEGRAL, a 

The H integrals have the fo rm  

H.. = XiHX. d r  
1J S J  

If i = j, then 

To a zeroth-order 

Hii = I X i  H Xi d r  

approximation H.. i s  the Coulomb energy 
11 

of a n  electron, with the wave function Xi i n  the field of a tom i ,  

and might be regarded a s  but little affected by any other nuclei 

far ther  away. This approximation, of course,  will be mos t  

valid where the surrounding a toms have no net e lect r ical  

charges .  We shall take 

where cr i s  a function of nuclear charge and the type of orbital .  

P rocedures  for correcting cr for the effects of neighboring 

a toms will be discussed la ter .  As  he r e  defined, a c lea r ly  i s  

a negative number.  

4c 
At one t ime q was ra ther  widely used a s  a symbol for 

the Coulomb integral, but this usage ha s  generally been aban- 
doned because qi i s  now used to denote the charge on the i th 
atom (see l a te r ) .  
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THE RESONANCE INTEGRAL, P 

We note that 

H.. = l X i H X j  d~ where i f j 
1J 

In the zeroth approximation, H.. amqunts to the energy of an 
1J 

electron in  the fields of atoms i and j involving the wave func- 

tions Xi and Xj. It  i s  usually called Pij, the resonance inte- 

gral. Pij i s  a function of atomic number, orbital types, and 

the degree of overlap. As a function of the degree of overlap 

fi i s  a lso a function of the internuclear distance and, except 

for s orbitals, the angles a t  which the orbitals a r e  set  with - 
respect to the internuclear line. Thus, for a given inter- 

nuclear distance, the following arrangements for over lap of 

Zp orbitals would not have the same value of Pij and S..: - 1J 

I overlap I 

Methods for calculating Pij and S.. for such situations will be 
1J 

discussed la ter .  In the zeroth approximation D. .is neglected 
1.1 

between a l l  atoms that a r e  not a t  the customary-bond-forming 

distances. 

3 ~ e e  Ref. 1, pp. 76-77, for reasons that justify the 
choice of name. 



4 Mulliken has provided data for the following graph of 

'isemi-empirical't p against r .  ., for carbon 2p-n overlap rel-  
13 - 

ative to that of the isolated carbon-carbon double bond 

1. 20 1. 4 0  1. 60  

r A. ij '  

If P.. ,  when i and j a r e  not nearest  neighbors, i s  set  to zero, 
1J 

then our matrix becomes very simple since most of the H i j  
t e rms  vanish. 

ENERGY LEVELS O F  H2@ 

For  hydrogen molecule ion, we can now convert the 

original determinant 

into the following determinant by the substitucions HI1 = c r l J  

4 ~ .  S. Mulliken. C. RieQ, and W. G. Brown, J. Am. 
Chem. Soc. , 63, 48 (1941). 

M 
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NOW, because a1 = a', the nuclei being identical, 

Thus we find two possible energy levels for the hydrogen 

molecule ion. Our problem now i s  to determine the wave 

functions corresponding to each so that we can find out which 

calculated energy corresponds to the more stable state. 

Remembering (see p. 2 8 )  that 

we have from Eq. (1) that 

Now, when E = a + p, 

and when E = a - p,  

For the energy level, E = a + 8,  we might take 



However, we must be sure that $ i s  normalized. This can be 

done a s  follows: 

Now, if XI  and Xz a r e  individually 

orthogonal X functions, then 

This i s  not a normalized $ function. If we multipy + by the 

normalization factor 1 /d 2, then the equation can be seen 

to be normalized a s  

(molecular orbital) = (1/d 2) (XI + X2)  

In general, we can normalize a set of orthogonal X functions of 

C 
the form (clXr t czX2 + . . .cnXn) or  + ...A Xn 

C l  

with a normalization factor 1/N where 

F o r  the energy level, E = a - P, 

With appropriate numerical values of a and P for Hz 

we could calculate the binding energy. Of course, the cal- 

culated value would be no better than any of our assumptions, 
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including the basic one that a molecular orbital can be 

approximated by a l inear combination of atomic orbitals. 

Exercise 2-2 

Obtain an  expression for the energy of the hydrogen 
molecule ion on the assumption that SI2 = 0.25. Find the 
molecular wave functions that correspond thereto. 

BONDING AND ANTIBONDING ORBITALS 

With respect to which wave function corresponds to 

the most  stable state, we shall be  helped by considering the 

electron distribution that corresponds to each. Fo r  = 

(114 2) ( X I  + X,) the wave functions centered on nuclei 1 and 

2 have the same sign, and their c ros s  sections can be repre-  

sented graphically a s  follows: 

The square of the sum of ( 1 / 4 2 ) ( ~ ,  + X2) i s  a measure of the 

total electron probability (not the radial probability used on 

p. 2 ) and i s  here represented schematically both in  c ross  

section and from abgve with contour lines connected between 

points of equal probability a s  shown on the next page. It will 

be seen that the electron will have a considerable probability 

between the nuclei and will act  to overcome the internuclear 

repulsion. While we cannot be sure  without more  detailed 

calculation whether o r  not the overall result  will be  net bind- 

ing, a t  least  the orbital might be classed a s  a bonding orbital 

because of the character of i t s  electron distribution. On this 

basis,  p must be a negative number. 



( X I  + xzIz electron probability contours 

For  the orbital t/J2 = (l/r\/2)(x1 - X2) a similar treatmer - 
gives the following cross section and electron probability 

curves: 

Here we see that the electron probability is  zero midway 

between the nuclei. As a result  the electron i s  not on the 

average well-positioned to pull the nuclei together, and we 

call this molecular orbital an antibonding molecular orbital. 

Although we have only concluded that t/J1 and $2 a r e  

bonding and antibonding relative to one another, i t  turns out 



for  Hz@ that the lower electronic state i s  in fact bonding 

and the upper state antibonding, a t  least in the sense that the 

attractive forces between the electron and the nuclei a r e  on 

the one hand strong enough and on the other hand not strong 

enough to overcome the internuclear repulsive forces. We 

will encounter many states in which there i s  difference in 

sign of the wave functions on adjacent atomic nuclei and the 

sum of X. and X. changes sign along the internuclear line a s  
1 J 

corresponds to a in the molecular wave function. In 

general this does not mean that the nuclei cannot be bonded 

together; however, wave functions with nodes a r e  expected 

to contribute l e s s  bonding than those without nodes. 

F o r  the H2@molecule ion we have two energy levels in  

which electrons might be put in order  to build up the com- 

pound in a manner analogous 

0 Q - B  
to the building up of atoms by 

t addition of electrons to a t ~ m i c  

orbitals. Fo r  the stable state 
E of H2 @ the electron would go 

into the lower orbital. 

Exercise  2-3 

a. Calculate the resonance energy of HZmin  
units of p with reference to a hypothetical standard 
state where the electron i s  localized on nucleus 1, 
i, e. the electron i s  described by the wave function 
XI. Neglect dverlap; take S.. = 0 when i # j. 

1J 

b. Showthat ( 1 / d 2 ) ( ~ ~  - X z )  and (1/1\12)(x2 - X I )  
a r e  equally acceptable + functions for the antibonding 
state of HZ @. 

5 ~ e e  the curves given in p. 7 9  of Ref. 1 for the energy 
of Hz @as a function of internuclear distance. 



Exercise 2-4 

Calculate the resonance energy of Hzeas in 
Exercise 2-3 taking Slz = 0.25. 

THE HYDROGEN MOLECULE 

We might well be tempted to take the molecular orbitals 

obtained for Hze and put in two paired electrons in the lowest - 
level to calculate the energy of HZ. This procedure would pre- 

dict that if a + p i s  the electronic binding energy for  Hz @, then 

2 a  + 2P would be the binding energy f o r  HZ. In fact, the cal- 

culated values of a + fi for both 

0 f f - P  
systems (29.7 e. v. for Hz @and 

26. 5 e. v. for Hz) a r e  amazingly 

f close, if we define the binding 

energies a s  the energy of putting 

the electron(s) into the frame- 

work of the nuclei a t  the equi- 

librium distance. Nonetheless, 

the agreement must  be regarded a s  the result  of coincidence 

for  the following reasons: F i r s t ,  the internuclear distances 

in HZBand H2 a r e  very different, 1.06 i and 0 . 7 4  i respec- 

tively, so that there i s  not the slightest justification for  

assuming a and p (or Sn)  to be the same for  Hz @ and Hz. 

Second, the coulombic repulsion between the two electrons 

in Hz i s  calculated to be 17. 8 e. v. , and no account was taken 

of such repulsion in assuming the binding energy of Hz i s  

twice a + p for Hz 0 

Exercise 2-5 

Calculate a + p for HzQand Hz from the following 
data: The Coulomb internuclear repulsions of Hz @ and 
Hz a r e  + 13. 5 and t19. 3 e. v. respectively; the ioniza- 
tion potential of hydrogen i s  -13.6 e. v. ; the bond energy 
of Hz i s  4. 72 e. v. ; and the energy of the reaction H 
+ H@+HZ @ i s  2.64 e. v. 



Clearly, we must  be cautious in assuming that a, and P 
a r e  the same for compounds with different numbers of elec- 

trons but similar molecular orbitals. Now, if we take that 

for  Hz the electron binding energy E i s  equal to 2a $ 2P, where 

a, and p a r e  proper values for Hz, then a, and p a r e  not so clearly 

defined a s  before because we now have taken into account inter- 

electronic repulsion between the two electrons without explicitly 

putting in  interelectronic repulsion terms.  Thus, we might 

wri te  

E = 20 + 2p 

o r  

E = 2a1 + 2Pt + interelectronic repulsiofi 

where a, and p include interelectronic repulsion. We shall 

have more  to say about inte electronic repulsion later;  for 

the present  we shall considhr that it can be taken more  o r  

l e s s  into account by selectihg proper (and usua1;ly empirical) 

values for  a, and p. 

LOCALIZED BONDS 

The molecular orbital treatment of Hz @ can be applied 

to organic molecules such a s  CH4 o r  CH2=CH2 in two different 

ways: F i r  st, molecular orbitals can be set  up a s  linear com- 

binations of a l l  of the atomic orbitals of the molecule, their 

energies car_ be calculated, and the appropriate number of 

electrons can be putpin. This i s  necessarily a complicated 

procedure and not of great interest to organic chemists be- 

cause "absolute" numbers for CH4 and CHz=CHz a r e  less  useful 

than comparisons relative to other molecules of the same 

general type. The second and simpler approach i s  to make 

the approximation that electrons in some, o r  most, of the 

bonds a r e  ttlocalizedtl. Localized electrons a r e  assumed not 

to contribute importantly to the electronic character of the 

bonds in  the r e s t  of the molecule. 



Thus, for ethylene, we might consider each of the bonds 

to be localized and the electrons in each to ac t  independently of 

localized IT bond the electrons in the other bonds. 

localized cr bond 

We a r e  then taking each bond a s  

a sor t  of localized I1molecular 

orbital" of the type involved in 

H2 @but a r e  considering differ- 

ent kinds of atomic orbitals. 

Generally- speaking this approx- 

imation i s  quite useful. The 

reason i s  that for most  reactions of simple saturated and un- 

saturated systems, the bonds a r e  usually made and broken in 

substantial independence of one another. Major difficulties 

come when one attempts to predict and interpret the behavior 

of conjugated unsaturated compounds. 

Butadiene i s  known to be a substance in  which the double 

bonds can reac t  simultaneously a s ,  for  example, in the Diels- 

Alder reaction and in 1,4 additions of halogens. In the simple 

molecular orbital treatment, butadiene i s  treated a s  a system 

with localized cr bonds and delocalized IT bonds. 

delocalized IT bonds H H 

The resul ts  can be compared with those calculated for  t he .  

localized model. 

localized IT bond 

H H 



whose properties might be deduced from those of ethylene 

and/or  the expectations based on the usual bond energies. 

ETHYLENE BY THE LCAO METHOD 

Ethylene i s  easily treated a s  a T-electron problem and 

provides a good starting point for  a general approach to un- 

saturated molecules. We shall assume that the u-bond frame- 

work has conventional properties and concentrate on the T 

electrons. Ethylene then becomes a two-orbital problem like 

Hz. The 2p orbitals of carbon a r e  here represented with t - 
and - lobes because the X function of a 2p orbital has a node - 
in (and changes sign below) the plane, which i s  perpendicular 

to the axis of the orbital and passes  through the nucleus, 

$T electrons = .c1x1 + czXz 

If we proceed a s  with hydrogen, the mathematical operations 

a r e  the same so that we have 

The energy levels a r e  a s  shown, and in the lowest state ' 

two electrons have the energy 2(a + P) where a and P have 

appropriate values for 2p carbon orbitals overlapping in  the - 
IT manner. 



Exercise 2-7 

Consider how the energy E, of acetylene might be 
calculated and possible difficulties in comparison of 
the value so obtained with E, calculated for ethylene. 

B UTADIENE, E, 

F o r  butadiene we can make a calculation of the T-electron 

energy by considering that the u-bond framework i s  such a s  to 

have TT overlap of four parallel  2p - orbitals. 

Our starting wave function will then be  

where the normalization condition must hold. The possible 

values of E that correspond to this equation a r e  the roots of 

a determinant where S.. (i # j) has been set to zero a s  shown 
1J 

by the determinant on the next page. Remembering that Hii 

= a., we shall assume that a1 = a2 = a3 = a4 = a, since the 
1 

surroundings of each carbon a r e  similar although not identical. 

This assumption i s  not necessary if we have any better bas i s  

for evaluating the individual a's. Of course, in any case, we 

would expect a1 = a4 and a2 = a3. 



F o r  the off -diagonal te rms ,  H.. = P. ., we shall here 
1J 1J 

assume that p12 = P23 = P34 = /3 (for adjacent atoms) and that 

P13 = P14 = P24 = 0 (nonadjacent atoms). The values of PI2 and 

P23 will not be exactly equal-but can be corrected a s  desired 

by the graph on p. 33 . We can now rewrite the determinant 

To simplify the notation we divide through the determinant 

Now, letting (a - E)/P  = x, we can write 



As one way of breaking down the butadiene*secular deter-  

minant (or a general  secular determinant of n rows and n 

columns), we can take the top row of n t e r m s  and multiply 

each of the t e r m s  by the corresponding (nth)  cofactor with 

a + sign for the product if n i s  odd and a - sign if n i s  even. 

The cofactor used here  i s  the determinant with the top r o w  

and n t h  column removed: 

Breaking down the thir d-or der  determinants and discarding 

a l l  ze ro  t e r m s  gives 

Cross-multiplication of the two-row determinants leads  to 

the following equations : 

= o  x 

x 1 0  

1 x 1 

0 1 X  

1 x 1 

0 1 x 

0 0 1  

- 1 .  

1 x 0  

0 1 1  

o o x  

- 0 .  

1 1 0  

0 x 1 

0 1 X  

t o .  
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and 

Therefore, since x = (a - E)/P, we have the following energy 

levels and occupied orbitals for four a electrons: 

0 a, - 1.6180P 

Antibonding 

0 cr - 0.6180P 

I E, = 4cr t 4.47208 

@ + 0.61808 
Bonding 

@ t 1.61808 

The precision to which x has been calculated here i s  

not meant to reflect the accuracy of the MO method but will 

be seen later to be helpful in aiding cross  checks on the 

arithmetical operations. 

Exercise 2-8 

Calculate'by the LCAO MO method whether the 
linear (H-H-He ) state o r  the triangular state 

of H,@ i s  the more stable. Do the same for H3 and 

H3 @ . (Answers may be checked against the sample 

calculations given in Appendix I. ) 



BUTADIENE RESONANCE ENERGY 

To calculate the resonance energy of butadiene, we 

f i r s t  compute the value of ET that the molecule would have 

if the four .rr electrons were localized into 1, 2- and 3,4- 

double bonds. Such localization has the effect of making 

PZ3 = 0. The determinant i s  then 

which has the roots x = *l, 1 E = * Py Q * P. 

Exercise 2-9 

Verify that the roots of the determinant for local- 
ized butadiene a r e  x = *1, *l. 

The two lowest T-electron orbitals of localized butadiene 

a r e  seen to have the energy cu + P while the two highest orbitals 

have the energy cu - P. These a re ,  of course, just the orbital 

energies expected for two isolated ethylene molecules. We 

expect the four T electrons to go into the lowest orbitals a s  

follows : 

The delocalization o r  resonance energy DE of delocalized 
IT 

butadiene equals (40 + 4.47208) - (4a +. 48) = 0.4728. The 

resonance energy calculated in  this way comes out in units 



of one parameter  p, the cr t e rms  being the same for the deloc- 

alized and localized models. Since the resonance energy 

calculated for benzene by the procedure used for butadiene 

i s  2P and the experimental value for  benzene i s  36 kcal. / 
>:< 

mole, p i s  usually taken for carbon systems a s  18 kcal. / 
mole. If S. .  i s  not set equal to zero for  i # j,  then a 

1J 

different value of P mus t  be used. With P = 18 kcal. /mole, 

DEVr for butadiene i s  8. 5 kcal. /mole, which number i s  to be 

compared to a 3 kcal. /mole "experimental" value. The sig- 

nificance of the degree of agreement between these numbers 

turns  out to be a rather  personal value judgment. Some quar- 

t e r s  appear to regard the agreement a s  an unmitigated triumph 

considering the approximations involved; others take the dis- 

crepancy a s  being so large a s  to indicate the treatment to be 

of no value whatsoever. The position taken here will be inter- 

mediate between these extremes. 

Exercise  2-10 

Calculate the resonance energy in units of P for 
butadiene using numerical values of P such a s  a r e  ap- 
propriate for the bond doistances involved (see p. 33 ). 
Use t+e reported 1.37 A for  the 1,2- and 3,4-bonds and 
1.47 A for the 2,3-bond in the delocalized molecule. 
Use 1.34 A for  the 1,2- and 3,4-bonds in the localized 
form. 

THE BUTADIENE WAVE FUNCTIONS 

The delocaliied butadiene L/J functions a r e  of the form 

clXl + czXz + c3.X3 + c4X4, with the magnitude and sign of cn 

x< 
This i s  the most  widely quoted benzene resonance 

energy, but one must  recognize that resonance energy i s  an 
unusually artificial concept in that i t  represents the differ- 
ence in  energy of formation expected for some purely hypo- 
thetical molecule and a n  actual molecule. The choice of 
hypothetical model i s  a rb i t ra ry  to the point of exasperation. 
Estimates of the "true" resonance energy of benzene range 
from 10 to 70 kcal.1 mole. 1 



depending upon the energy level. To calculate cn values we 

can proceed a s  follows: We obtain the rat ios  cn/cl by the 

equation 

C n  ofac actor)^ 
- = t  if n = odd 
C 1 ( c o f a c t ~ r ) ~  

cn  ofac actor)^ 
- = -  if n = even 
CI  ( c o f a c t ~ r ) ~  

The ratios have to be normalized to get the final coefficients 

(cf. p. 35 ). 

We shall calculate the coefficients of the occupied orbitals 

with x = -1.61804 and -0.61804. 



It  will be convenient to tabulate the results a s  shown in 

Table 2-1. Here c, i s  obtained a s  the quotient of cn/cl divi- 

ded by 

X - 1 c 3  - 

c1 

T a b l e  2-1 

- -  - - - -  

1 x 0  

J . 0 1 1  

o o x  

C a l c u l a t i o n  o f  M O  C o e f f i c i e n t s  f o r  B u t a d i e n e  

X I 0  

S l x l  

0 1 x  

x3 - Zx 



(Table 2- 1 continued) 

The final  wave functions a re :  

$1 = 0. 3717x1 + 0. 6015X2 -I- 0. 6015x3 + 0. 3717x4 

4, = 0, 6015X1 + 0. 3717X2 - 0. 3717x3 - 0. 6015X4 

$3 = 0. 6015X1 - 0. 3717X2 - 0. 3717X3 + 0. 6015X4 

= 0. 3717Xr - 0.6015Xz + 0. 6015x3 - 0. 3717X4 

We can sketch out schematically the  butadiene + func- 

tions as  follows: 

antibonding node 



Wherever the wave function changes sign between the nuclei 

a node results. Note that the calculated energy of the orbitals 

increases  with the number of nodes. The highest orbital i s  

antibonding between each pair of nuclei. In contrast, the 

lowest orbital has no nodes and i s  "completely" bonding. 

Exercise  2-1 1 

Verify that +z has the energy cr + 0.618048 by use 

of the equation, E = J + 2 ~ + 2  d r  /[+22 dr. 

Exercise  2-12 

Verify the coefficients given for +3 and 4 ~ ~ .  

Exercise  2713 

Calculate the coefficients for butadiene with local- 
ized n. bonds. 

Exercise 2-14 

Calculate the a-energy levels, DE,, and the final 
wave functions for bicyclobutadiene. (The answers may 
be  checked against the sample calculations in Appendix 
1. ) 

blcyclobutadiene 

Sketch out the wave functions schematically showing 
the various nsdal lines. 

Exercise  2-15 

Set up but do not solve the secular determinant for  
naphthalene. 



Chapter 3 

Bond Orders, Free Valence Indexes, 

and Charge Distribytions 

THE MOBILE BOND ORDER, p.. 
1J 

The relative a binding between pairs  of adjacent nuclei 

i s  expected to be related to the coefficients of the atomic or- 

bitals on the atoms between which the bond i s  formed. F o r  

butadiene we can qualitatively a s se s s  the binding between ad- 

jacent nuclei by inspection of the occupied orbitals a s  follows: 

strong bonding fair bonding antibonding 

This approach has been put on a quantitative basis  by Coulson 
1 

through p.. , the "mobile bond order u between Ldjacent atoms 
1J P 

i and j. This i s  defined by the equation 

where N = number of electrons in a given occupied orbital; 

Cj 
= the normalized coefficients for atoms i and j for the 

5 3 



occupied orbital; and the sum i s  taken over a l l  of the occupied 

orbitals. Clearly ci c. will be positive when a given mol- 
J 

ecular  orbital  i s  bonding between two given nuclei and negative 

when i t  i s  antibonding. F o r  the 1,2-bond of butadiene, 

and for the 2,3-bond, 

The  mobile bond o rde r s  for  butadiene are: 

If we take the cr bonds a s  1.0 bonds, then we can write for the 

total C-C bond orders: 

The 7-bond o rde r s  a r e  found to range from 0.000 to 1.000. 

By this  definition the benzene bonds do not have a total C--C 

bond order  of 1.500 but, instead, 1.667. Various graphs of 

bond order  against bond distance a r e  available. A typical 

relationship i s  shown in Figure 3-1. The bond lengths pre- 
0 

dicted for butadiene by the simple MO treatment a r e  r12 = 1. 36 A 
0 

and r z 3  = 1.45 A. The reported values a r e  quite close: r l z  = 
0 0 

1.37 A and rz3 = 1.47 A. Rather good agreement has been re- 

ported between calculated and experimental bond lengths in 

polynuclear aromatic hydrocarbons. Typical resul ts  a r e  
1 

shown on the next page for naphthalene and anthracene (with 
0 

distances in A and calculated values in parentheses). Despite 

ID. W. J. Cruickshank and A. P. Robertson, Acta 
Cryst. ,  5, 698 (1953). 



Graphite ':" Ethylene 
1.40 h 
1. 35 --  - -  1 Benzene 

Fig. 3-1. Typical bond order  - bond distance re- 
lationship for C-C bonds. 

the respectable agreement between calculated and experimental 

,-bond distances, the approach here, which involves assuming 

that the length of the 2, 3 bond in localized butadiene would be  
0 

1. 54 A, has been severely and probably justly criticized. 
2 

The Coulson ,-bond orders  provide a useful check on 

the calculation of E, through the relation 

Thus, for butadiene, 

M. J. S. Dewar and H. N. Schmeising, Tetrahedron 
11, 96 (1960); these authors offer a corrected graph of bond 
M 

distance vsb  ,-bond order (calculated including overlap) that 
gives 1.47 A for pij = 0. 



Exercise 3-1 

Calculate the mobile bond orders  for bicvclobuta- 
diene. (A check on the answers i s  available in Appen- 
dix I. ) 

THE FREE VALENCE INDEX, 

One possible approach to the study of chemical reactiv- 

ity i s  to determine the degree that the atoms in a molecule 

a r e  bonded to adjacent atoms relative to their theoretical 

maximum bonding power. If particular atoms a r e  not much 

bonded compared to the maximum, we could say that they 

have considerable "free valencell and especially reactive 

positions. Godson defines a f ree  val.ence index, $ i, for 

atom i a s  follows: 

li = maximum possible bonding power of i th atom - 9.. 
1J 

where Zp.. i s  the sum of the bond orders  of a l l  bonds to the 
1J 

i th  atom including the cr bonds. 

At f i r s t  Coulson chose 4-5 for the maximum possible 

bonding power (in bond order  units) because this was the 

highest degree of bonding he encountered in the usual calcu- 

lations; however, the theoretical maximum is easily shown 

to be  4. 732. Consider the molecule trimethylenemethane: 

bond order A 

trimethylenemethane 

The central  atom of trirnethylenemethane i s  bonded by three 

u bonds and three .rr bonds to i t s  neighbors. Since the CH2 



groups a r e  not 7t bonded to any other atoms, they can devote 

full attention to the central atom. A simple calculation shows 

that Zp.. for the central carbon in C(CH2)3 = 4. 732. 
1J 

Exercise 3-2 

Calculate the energy levels, DE.,,, and bond o rde r s  
for symmetrical trimethylenemethane. Verify that 
Zpij for the central atom i s  4. 732. Calculate an  energy 
of conversion of trimethylenemethane into methylene- 
cy clopropane. 

F rom the values we can argue that butadiene could well be 

more  reactive to neutral nonpolar reagents, such a s  f r ee  radicals 

a t  the 1 and 4 carbons, than a t  the 2 and 3 carbons. Neutral non- 

polar reagents a r e  specified here so a s  to avoid commitments 

that might have to be modified la ter  by consideration of charge 

distribution effects. 

The usual way of reporting the resul ts  of MO calculations 

of f ree  valence indexes, bond orders ,  and DE follows: 
IT 

Exercise 3-3 

Calculate % i for bicyclobutadiene. . (For a check 
on the answers see Appendix I. ) 
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Typical calculated gi values for  a number of substances 

a r e  shown below; a reasonably obvious correlation exists with 

f ree  radical  reactivity: 

f 
CH, 

Note that di-p-xylylene i s  just on the borderline of being so - 
self-reactive a s  to prohibit isolation a s  a chemical individual. 

CHARGE DISTRIBUTIONS, qi 

We can calculate deviations from the normal electron 

density a t  a given T-bonded atom by summing the electron 

probabilities corresponding to the contributions of the parti- 

cular atomic orbital to the various occupied orbitals. Appro- 

priate  corrections may have to be made for formal charges 

resulting from the u bonds to obtain the overall charge. Nor- 

mal  quadrivalent carbon i s  neutral. If a carbon forms three 

u bonds and i s  also T bonded, it will be neutral if there is an 

average of one electron in i ts  2pr-bonded orbital. Thus, i f  - 
4i 

i s  taken a s  the deviation from neutrality of such a carbon, 

we may  define q. by* 
1 

where N i s  the number of electrons in  a particular occupied 

molecular orbital +n and ci i s  the coefficient of the atomic 

orbital Xi in +,. 



F o r  butadiene, 

Thus, the average charges a t  each of the carbons of butadiene 

a r e  equal ahd zero. Summing up the charges to get the total 

net charge provides a useful check on thkcalculated values of 

the coefficients. 

Our complete molecular diagram for butadiene i s  now 

Here the numbers below the carbons represent the calculated 

deviations from the normal electron distribution. 

Exercise 3-4 

Calculate qi for bicyclobutadiene. (The answers 
may be checked against Appendix I. ) 

SELF-CONSISTENT FIELDS 

Butadiene i s  calculated by the simple MO method to 

have the same average number of .rr electrons a t  each atom. 

Therefore, it i s  often designated a s  a molecule with a self- 

consistent field. The self-consistent field calculated for  

butadiene i s  important in lending credence to the validity of 

of the assumption that p12 = PZ3 and particularly that cul = a'. 



It  has been shown by Coulson and ~ u s h b r o o k e ~  that alternant 

r-bonded hydrocarbons o r  hydrocarbon radicals (AH) will 

always have self-consistent fields, "Alternant" i s  defined 

a s  applying to those systems that can be "starred" on alter- 

nant a toms with no s t a r s  adjacent to one another. Cyclic 

alternant hydrocarbons can only contain evenmembered  

rings. Examples of some alternant (AH) and nonalternant 

(NAH) systems follow: 

Alternant, Non-alternant, 

Exercise  3-5 

Calculate DE,, pij, % i ,  and qi  for  the allyl radical, 
carbonium ion, and carbanion. Sketch out the molecular 
orbitals for the allyl system. 

F o r  nonalternant hydrocarbons we might expect the simple 

LCAO method to become somewhat l e s s  reliable because the 

presence of a nonself-consistent field really requires that the 

Coulomb integral of each atom be corrected for the charges on 

neighboring atoms. Procedures for this purpose a r e  available. 
4 

3 ~ .  A. Coulson and G. S. Rushbrooke, Proc. Camb. Phil. 
SOC., 36, 193 (1940). - M 

4 ~ .  W. Wheland and D. E. Mann, J. Chem. Phys., 17, 
264 (1949). M 



Chapter 4 

Application of Group Theory 

to Simplification of MO 

Determinants 

THE PRINCIPAL practical difficulty in molecular 

orbital calculations of molecules with any degree of com- 

plexity i s  the breaking down of the secular determinant. We 

have seen how the process i s  carr ied out with the four-row 

determinant for butadiene. The breaking down of a corres-  

ponding ten-row determinant for naphthalene (Exercise 2-1 5) 

i s  a rather time-consuming operation. If a large, high-speed 

digital computer i s  available, practicallv any interesting 8- 

bonded molecule can be handled by the simple LCAO method. 

Programs a r e  available for solution of the determinants, 

calculation of the bond order  s ,  gi values, and charge dis- 

tributions. 

In the present chapter we shall consider how group 

theory may be used in a practical way to simplify MO calcu- 

lations. However, i f  the reader  has access  to a high-speed 

digital computer and has no urge to be able to make MO cal- 

culations while swinging in a hammock beside a mountain 

lake, not much i s  to be gained by further study of the balance 

of this chapter. 

THE BUTADIENE DETERMINANT 

The wave function $ = clX1 t cZX, t c3X3 t c4X4 for  

butadiene has been shown to give the determinant 



If we were to take advantage of the symmetry of butadiene 

and write 

c1 c2 
qJ = - (xl * X4) + - (X2 f X3) 

4 2  4 2  

the determinant would be very substantially simplified. If 

we choose the plus signs of the last equation, we have 

which, in the variation treatment, gives the following two- 

row determinant: 



Use of the minus signs in the same way gives 

This approach gives two much simpler determinants than the 

one found before and greatly reduces the labor of computation 

of the molecular orbital coefficients ci. The t r ick i s  to use 

the right combinations of coefficients and to group together 

the orbitals that a r e  equivalent because of molecular symm- 

etry. This process i s  expedited by use of elementary group 

theory. 

Exercise 4-1 

Investigate the consequences of using + = ( c l / d  2) 
( X 1  + X4) + ( c ~ / ~ z ) ( x z  - X3) and + = (cl/ 4 2)(X1 - X4) t 
(cz/ '\I 2) (Xz + XS) in the variational treatment of butadiene. 

SYMMETRY OPERATIONS 

The emphasis here will be on practical computations, 

and no effort will be made to bring out the underlying theory. 

We shall use only two-fold. For  three-fold 



and higher symmetry axes making the proper choice of de- 

generate functions i s  often a s  much or  more labor than solv- 

ing the unsimplified determinants. No er ror  will be made by 

assuming that a molecule has less  symmetry than it  actually - 
has. 

Consider naphthalene. It has ten welectron centers 

and three two-fold symmetry axes passing through the center 

of the molecule at 90" to one another: 

z 
Turning the formula 180" around the z axis (the cz 

operation) changes the position of the numbers of the atomic 

orbital functions. centered on each atom: 

The changes (1 +5, 2 +6, etc. ) a r e  usefully tabulated a s  

follows (where E, the "identity operation", does not change 

the numbers): I 

E z 
c2 

1 5 

2 6 

3 7 



X The operations czY and cz proceed in the* same way 

so that the complete table of numbering changes i s  



The numbers a t  the bottom of the table below the dotted line 

represent  how many atomic positions remain unchanged by 

the operation at the head of the column. W e  shall show in 

the next section how these numbers can be used in conjunc- 

tion with the DzV character table to obtain the size (in rows) 

of the various determinants that will be involved. 

Exercise  4-2 

Carry out the DZv operations on benzene. 

CHARACTER TABLES, Dzv 

The D2, character table has vertical columns corre- 
z. X sponding to the D2, symmetry operations E, c2 , cJ, and c2 . 

The horizontal rows r I ,  r2, r3, and r4 lead to the various 

possible proper combinations of arithmetical signs of the X 

functions: 

Each r leads to a determinant of n rows where n i s  the "dot 
NVI 

product1' (sum of the products of the respective t e rms  in 
IWINVYI 

and their  counterparts below the dotted line in the table of 

resul ts  of the symmetry operations) divided by the number of 

symmetry operations (here four). To illustrate: 

Thus, for naphthalene, we find that the MO computational 

problem i s  reduced by group theory from a ten-row determinant 



to two three-row' determinants (rl and r3) and two two-row 

determinants (r2 and r4). 

Exercise 4-3 

a. Determine what degree determinants benzene 
will" give in the simple LCAO method when t reated a s  
having DZv symmetry. 

b. Cyclobutadiene can be treated a s  a DZv system 
in two ways: 

I Y  A I y  
I 

I 
I I 
I I I 

Find the order  of the determinant that corresponds to 
each choice of axes. F r o m  these resul ts  and those 
obtained with naphthalene and benzene in par t  (a) of 
this problem, evolve a general rule for the maximum 
and minimum size of the determinant depending upon 
the number of orbitals and whether they fall on o r  off 
the symmetry axes. 

THE TRIAL WAVE FUNCTION 

The proper combinations of X functions for naphthalene 

a r e  obtained for the separate r ' s  a s  the dot product of each 

horizontal row of the character table with the table of trans- 

positions under the symmetry operations. Thus, for rl, we 

have 



Of these combinations only three a r e  independent; after nor- 

malization these give: 

4 = (cl 12) (XI -k x, -!- X5 -!- X8) -!- ( ~ 2  12) (XZ + X3 + X6 + X7) 

The elements of the determinant a r e  found in the usual way; 

for example, 

The determinant for rl i s  now 

a - E  P ~ 4 2  

P a +  p - E  0 

~ 4 2  0 a S P - E  

and can be solved inpthe usual way. 

Exercise 4-4 

Verify the elements given above for the rl deter- 
minant for naphthalene. 

Exercise 4-5 

Set up the determinants for benzene using DZV sym- 
metry operations and solve for the energy levels. Cal- 
culate DE,. Solve for the coefficients and sketch out the 
orbitals. 



Exercise 4-6 

Use group theory to solve for  the energy levels of 
cyclobutadiene. Calculate values for DE,, pij, $ i ,  and 

qi. Use Hund's rule  (p. 4 )  to determine the proper 
electronic configuration. 

We proceed in the same way to find the determinant 

corresponding to rz for naphthalene. The dot products are:  

The nonzero independent combinations give 

and the determinant i s  

Exercise 4-7 

Verify the above determinant for rZ of naphthalene 
andfin% the corresponding determinants for r3 and r4. 

Exercise 4-8 

Use group theory to set  up determinants for the 
following molecules, using Dz, symmetry and the indi- 
cated nurnberings. 



a. 
(planar, 
two ways) 

- 6 5 

b. ml4 1 2  

2 6 3  
e.  

l 4  C CH l 5  
I I I 

13 CH 16 

2 m5 / \ 
11 10 

9 10 (Consider the possibility of 3 inter annular overlap) 

C2 SYMMETRY 

Relatively few T-electron problems'involve molecules 

that permit use of Dzv symmetry; in fact, many substances 

of interest have no useable symmetry whatsoever. However, 

quite a few have one two-fold axis. The procedure for utiliz- 

ing this i s  quite simple. Consider the cyclopentadienyl free 

radical; the five equivalent resonance forms suggest five- 

fold symmetry: 

Unfortunately, the DSV character table i s  rather complex, 

and we shall take the radical a s  having only a two-fold sym- 

metry axis (c2). Proceeding as  before, 



The character table that corresponds to khese operations i s  

Therefore, we expect for r1 (5 x 1 t 1 x 1) + 2 = a three-row 

determinant and for rz (5 x 1 - 1 x 1) f 2 = a two-row deter- 

minant. The wave functions a r e  clXl t ( cz / r \ l  2)(Xz t X5) + 
(c3 /d 2)(X3 t X4) and ( c l /d  2) (Xz - X5) t (czl"I2) (XY - Xq) respec- 

tively. These give the determinants 

which may be solved in the usual way. 

x J 2  0 

4 2  x 1 

0 1 x i 1  

Exercise 4-9 

= 0 and 

a. Verify the determinants given above for the 
cyclopentadienyl radical. 

b. Calculate the energy levels and DE, for the 
cyclopentadienyl radical, cation, and carbanion. 



Exercise 4-10 

Using group theory, 

Exercise 4-1 1 

set up the determinants for 

Show how one can decide by inspection the size of 
determinants required for a substance with a two-fold 
symmetry axis. 

Exercise 4-12 

Calculate DE, for bicyclo[2. 2. I] -hepta-2, 5-diene 
(see Exercise 4-10e). 

Discussion of the use of group theory involving other 

character tables is  given by Eyring, Walter, and Kimball. 
1 

1 
H. Eyring, 3. Walter, and G. E. Kimball, "Quantum 

Chemistry", John Wiley and Sons, Inc., 1944. 



Chapter 5 

Aromaticity. The 4n + 2 Rule 

CYCLOBUTADIENE B Y  THE LCAO METHOD 

Application of the simple molecular orbital theory to 

cyclobutadiene (cf. Exercise 4-6) leads to prediction of four 

one-electron energy levels: a: 4- 2P, a, a, and cr - 2P. Use 

of Hund's rule leads to the following electronic configuration 

for the four rr electrons: 

The calculated DE, i s  zero. Therefore simple molecular 

orbital theory predicts (apparently correctly) that cyclobuta- 

diene should have no resonance energy and, if Hund's rule i s  

applicable, a lowest diradical (triplet) state. 
1 

'1n higher-order MO treatments of cyclobutadiene [ cf. 
G. W. Wheland, Proc. Roy. Soc., 397 (1938); D. P. 
Craig, E., 202A, 498 (1950); and D. P. Craig, J. Chem. 
Soc. , 3175 ( 1 9 m t h e  lowest state has al l  electrons paired. - 
The remlitv of these treatments i s  not clear. An unusual 
feature of the calculated lowest electron configuration i s  that 
i t  i s  not totally symmetric (i. e., i t  has different symmetry 
properties from a simple square object). 



The further prediction that the dipositive ion ( 2 ~ r  elec- 

trons)  corresponding to cyclobutadiene should have paired 

) and a resonance energy comparable . 

to benzene has not a s  yet been confirmed. 

There a r e  two further points of general interest with 

respect  to the LCAO treatment of cyclobutadiene. F i r s t ,  we 

note that two of the molecular orbitals have the calculated 

energy a. Such orbitals a r e  known a s  nonbonding molecular 

orbitals (NBMO) to distinguish them from bonding orbitals of 

energy cr + x P (x positive) and antibonding orbitals of energy 

a - x p (X positive). A nonbonding molecular orbital a r i s e s  

because the bonding part  i s  just cancelled by the antibonding 

part  o r  because none of the atomic X functions of the molec- 

ular orbital  a r e  on adjacent carbons. The f i r s t  situation 

would hold for the following representation of one of the cyclo- 

butadiene NBMO, while the second i s  illustrated by NBMO of 

the ally1 radical (see Exercise 3-5): 

node 

node 

The la t ter  case i s  particularly important because a l l  odd alter- 

nant hydrocarbon radicals turn out to have a nonbonding mol- 

ecular orbital. 

The other point of interest about the cyclobutadiene non- 

bonding molecular orbitals i s  that they have the same energy 

and a r e  thus said to be degenerate. Degenerate orbitals a r e  

more  difficult to define explicitly than nondegenerate orbitals; 

in fact, there  a r e  an infinite number of pairs  of combinations 

of cyclobutadiene atomic orbitals that satisfy the conditions of 

having energy cr and giving an average of 0.5 electrons per 



carbon atom (when two electrons a r e  in the nonbonding level). 

Two such combinations of degenerate orbitals a r e  shown below, 

each of which i s  an equally satisfactory representation: 

Although the electron distribution resulting from an  electron 

in any one of these orbitals does not have four-fold symmetry, 

this symmetry does obtain for an electron distributed equally 

between a pair of degenerate orbitals. 

Exercise 5-1 

Devise a set of degenerate orbitals for cyclobuta- 
diene that i s  different from those shown above and meets 
the other requirements a s  to energy and average elec- 
tron distribution. 

Exercise 5-2 

Apply the simple LCAO method (use group theory) 
to the cyclopropenyl cation, radical, and anion. Cal- 
culate DE,, pij, 3 i, and qi. Sketch out the molecular 
orbitals, showing a t  least  three different representa-  
tions of the degenerate orbitals. 

THE 4n -t 2 RULE 

E'. Hiickel was the f i r s t  to show by the molecular 

orbital theory that the monocyclic conjugated polyenes have 

filled stable shells of 7 ~ .  electrons when the number of such - 
electrons was 4n $ 2, where n i s  a positive integer. When 



the number i s  4n, a s  for cyclobutadiene, the highest set of 

degenerate orbitals contains only two electrons and the cal- 

culated DE, i s  smaller than for the 4n + 2 systems with the 

same value of n. This generalization i s  now called the 4n -t 

2 rule  for aromatic character.  It has been used with consid- 

erable success in a pr ior i  predictions of stable cyclopropen- 

ium and tropylium cations. It also explains why no one has 

yet been able to prepare anionic salts of cyclopropene and 

cycloheptatriene analogous to the stable anionic salts of cy- 

clopentadiene. 

The theoretical basis  of the 4n + 2 rule should be clear 

through a comparison of the energy levels, electronic config- 

urations, and delocalization energies obtained for the cyclo- 

propenyl, allyl, and cyclopentadienyl radicals, cations, and 

anions (Exercises 3-5, 4-9, and 5-2) a s  well a s  cyclobuta- 

diene and benzene (Exercises 4-5 and 4-6). The application 

of the rule  to bridged-ring aromatic systems i s  generally 

doubtful. Some examples and further discussions a r e  given 

in the paper reprinted in Appendix 11. 

Exercise 5-3 

Sketch out qualitatively the energy levels and elec- 
tronic configurations that would be expected for planar 
cyclob'ctatetraene. 

Exercise 5-4 

Stable cycloSctatetraene exists in the tub conforma- 
tion (p. 21). Use the LCAO method (and group theory) 
to determine the energy levels of nonplanar cyclob'cta- 
tetraene on the bas is  of assignment of full P for .rr over- 
lap across  the "double bonds" and 0.25P for overlap 
across  the "single bonds" of the tub structure. 

Exercise 5-5 

Compare the .rr-electron energies of benzene in  the 
delocalized cycl~h~exatr iene configuration with alternat- 
m d  1.54 A b ~ n d s  and the regular hexagon con- 
figuration with 1.40 A bonds using P values appropriate 
for the bond distances involved (see p. 33 ). 



tbapter 6 

Molecules with Heteroatoms 

THE APPLICATION of the LCAO method to other 

elements than carbon i s  straightforward a s  long a s  absolute 

comparisons a r e  not required. The calculations of the elec- 

tronic states of tetraazacyclobutadiene and hexaazabenzene 

would be exactly the same for carbon, provided the extra  un- 

shared electron pairs  a r e  regarded a s  being strictly localized 

and a and p a r e  assigned values appropriate for nitrogen. 

tetraazacyclobutadiene hexaazabenzene 

That no substances of this type have yet been isolated rather  

diminishes the interest in calculations of this sort;  however, 

the LCAO method has been applied to the problem of predict- 

ing the relative stabilities of configurations of a l inear chain 

of five nitrogens (R-N5) formed by reaction of diazoniurn salts 

with azide ion. 
1 

'5. D. Roberts, Chem. Ber . ,  2, 273 (1961). An 
English version of this manuscript i s  reproduced in Appen- 
dix 11. 



Matters  become more  difficult for substances that have 

different kinds of atoms forming a bonds because the Coulomb 

and resonance integrals a r e  not the same. F o r  example, if 

we wish to compare the LCAO T-electron energies of pyridine 

and benzene, we have to assign suitable values for c r ~  = a~ 

+ x P ~ - ~  and PC-N = yPC-C where x and y a r e  parameters  

appropriate to pyridine. 

Considerable attention has been given to LCAO calcu- 

lations of the energy levels of molecules with heteroatoms, 

particularly heterocyclic compounds. The treatment of sub- 

stances having .rr bonding to nitrogen, oxygen, and fluorine 

appears to be straightforward. Complications a r i se  with the 

higher row elements because of interactions involving d orbit- - 
als.  Methods of calculating T-electron energies where over- 

lap involving d orbitals is important a r e  available. W e  shall - 
be concerned here only with f i r  st-row heteroatoms. Emphasis 

will be  on qualitative predictions based on the direction and 

relative magnitude of changes in DE,, qi, etc. resulting from 

heteroatom substitution. Consequently, we shall not t ry  to 

achieve exact values of x and y a s  defined above but only values 

that a r e  reasonably appropriate to the nature of the heteroatoms. 

An il lustrative and useful table of integrals, which i s  a t  least  

qualitatively correct  for C, N, and 0 ,  follows where cr i s  c u ~  

and p i s  

Atom Coulomb Integral 

C a! 

N a +  I3 

0 cr C Zj3 

Resonance Integral 

P 
P 

p \I 2 

'see, for example, H. C. Longuet-Higgins, Trans. 
Faraday Soc. , 45, 173 (1949). 

M 



The decreases in Coulomb and resonance integrals going 

from carbon to nitrogen to oxygen reflect the order  of in- 

creasing electronegativity. That integral values a r e  l isted 

for x of a + xp i s  less  a matter  of the inherent simplicity of 

nature than i t  i s  of ease of breaking down complex determin- 

ants. 

If an atom has a formal charge, a s  in Nmethylpyridin- 

ium ion, it would seem reasonable to use a considerably higher 

value of a k  than a t p. F o r  less  

(=& qualitative computations i t  would 

probably be best to make appro- 

priate corrections to the Coulomb 

integrals for nonself-consistent 
N-methylpyridinium ion 

fields (see p. 60). 

The LCAO calculations with heteroatoms proceed by the 

usual method. For  acrolein, CH2=CH--CH=O, we would have 

the butadiene determinant with appropriate values for  a. and 

The energy levels would contain four IT electrons, and DEIT 

would be calculated with the aid of E, of the localized model 

from the same determinant with HZr = 0. Bond orders ,  * 
and q values a r e  obtained in the usual way. 

>$ 
When heteroatoms a r e  present, E, no longer equals 

2P(Zpij) + Na. 



The most  striking changes produced by heteroatoms a r e  

usually in the charge distributions. Calculations for pyrrole 

using the above parameters  give the following charges: 

Exercise 6-1 

Calculate DEIT, pij, a: i, and qi for  acetyleneimine 
(four IT electrons). 

acetyleneimine 

Compare the qi values with those given above for pyr- 
role. Which substance should be the stronger base ? 

Exercise  6-2 

How can the MO theory account for the unusually 
high acidity of pyrrole? 

Exercise  6-3 

Calculate the energy levels of azacyclobutadiene 
and compare them with those found ear l ier  for cyclo- 
butadiene. 

azacyclobutadiene 



Exerc i se  6-4 

Use the simple LCAO method to make a comparison 
of the following .rr-electron systems: 

a, HN=CH-CH=NH and CH2=N-N=CH2. 

b. O=C=C=O and O=C=C=C=O. 



Chapter 7 

Nonplanar Systems 

FREQUENTLY one i s  interested in nonplanar unsaturated 

systems such that the - p orbitals a r e  not nicely parallel to one 

another. No progress i s  possible without some way of estimat- 

ing the resonance integrals. The usual way of doing this i s  to 

calculate the overlap integral Sf between the orbitals of interest 

and use it  to estimate the resonance integral P f  by the relation 

where S and p a r e  overlap and resonance integrals for some 

standard. For carbon 2p-IT - overlap at the ethylene distance 

/? i s  the usual resonance integral and S has the value 0.28. 

The procedure is  quite serviceable but suffers somewhat from 

the aesthetic dissatisfaction of assuming S.. # 0 to calculate 
1J 

p f  and then turning around and taking S.. = 0 to get the energy 
1J 

levels. This dissatisfaction, of course, can be allayed by 

using S..  # 0, but the assumption of Sij = 0 i s  no worse here 
1J 

than in the other calculations we have discussed. Our prob- 

lem i s  reduced to determination of S.. (or S f) .  
1J 

CALCULATION OF Sij 

The customary procedure for estimating Sij for - p orb- 

itals that a r e  not parallel to one another i s  probably best 



illustrated by examples. Consider f i r s t  the simple case  of 

two 2~ orbitals whose axes lie in parallel  planes a t  the dis- 

tance r and a r e  canted with respect to one another by the 

angle Y 

End view 

F o r  this case,  

S12 = S,, C O S  y 

where ST= i s  the overlap integral of parallel 2 2  orbitals over- 

lapping in the , manner a t  the distance r. 

Exercise 7-1 

Calculate the energy levels and DE, of butadiene 
in a configuration a t  the 2,  3 bond such that the planes 
of the double bonds lie a t  60' to one another. 

Values of S,, for 2 p  orbitals a s  a function of r and Z (the 

effective nuclear charge) have been tabulated by Kopineck. A 

selection of these a r e  given in Table 7-1. The effective nuclear 

charge for carbon 2 2  orbitals i s  usually taken a s  3.09, and to 

make the data of Table 7-1 more  useful for calculations involv- 

ing carbon-carbon bonds, the values of rCmC a r e  listed which 

correspond to given values of S for 2 2  orbitals having Z = 3 .  09. 

'H. J. Kopineck, Z.  Naturforsch. , 420 (1950). 



T a b l e  7- 1  

V a l u e s  of S u u  a n d  ST, I n t e g r a l s  

1 
(after Kopineck ) 

>;< 
a = zr /2a0,  where Z i s  the effective nuclear charge, 

r the internuclear distance, and a, the Bohr radius for 
hydrogen (0. 5285 x lo'* crn. ). 

f ~ h e  internuclear distance i s  given for 2p-carbon 
orbitals (Z taken as  3.09) that correspond to tKe given 
values of SF, and S,,. 

The calculation of Slz i s  somewhat more complicated 

when the axes of the g orbitals lie in a plane (i. e.,  Y = 0) but 

a r e  slanted towards one another at the angles and O2 with 

respect to the internuclear line. 



In this case  we resolve the overlap into uu and ITIT contribu- 

tlons: 

Then, 

Slz = SrU cos 81 cos  eZ t S sin sin Uz 
ITIT 

I 
where Sun can be obtained f rom Kopineckls compilation (see  

Table 7-1). 

If the orbitals in addition a r e  canted in such a way that 

Y f: 0 ,  then we can see  that we should introduce the cor rec-  

tion factor cos  Y so that 

SIz = Sru cos  cos O2 + S sin e l  sin BZ cos  y 
TTr 

Exercise  7-2 

Calculate S for 2 ~ - c a r b o n  orbitals located at the 
1, 4 positions of a cyclohexane ring locked into the boat 

0 

form. Assume all C-C bond distances t o  be  1.54 A 

and bond angles appropriate for  the s ta te  of hybridiza- 
tion of each carbon. Use S so obtained to calculate 
for  lnteraction between electrons in  these orbi ta ls .  



Exercise 7-3 

a. Calculate S23 and PZ3 for cyclob'ctatetraene in 
the tub configuration yith experimental < C-C-C = 24", 
r (single) = 1.50 A, and RC - (double) = 1.34 A. c-c 

b. Calculate the energy levels and DE, of cyclo- 
octatetraene, with p u  = PC-C, using P23 as  determined 
in part (a). Use group theory to simplify the determin- 
ant (see also Exercise 5-4). 

c. Calculate Sib and PI6 and S15 and P15. 

d. Calculate the energy levels, DE,, and the 1,2 
and 2, 3 bond orders of cyclob'ctatetraene, taking into 
account all at one time delocalization as  measured by 
the "adjacent" integrals P12, P23, and the "cross-ring" 
integrals PI5 and PI6. 

Note that it  i s  satisfactory to use the DzV symmetry 
operations to simplify the secular determinant even 
though the tub form of cyclob'ctatetraene does not have 
DzV symmetry. This i s  because the specified assign- 
ments of resonance integrals (except for numerical 
values) turn out to be just the ones we could consider 
for planar cyclob'ctatetraene a s  shown below: 

Here, the dotted lines show the cross-ring interactions. 

Compare your calculated bond orders with those 
that correspond to the experimental bond lengths (cf. 
pp. 54-55.) 



NONPLANAR INTERMEDIATES 

By balancing calculated values of angle s t rain against 

MO delocalization energy a s  a function of configuration, i t  

has been possible to predict the relative stability and geome- 

t ry  of some interesting postulated reaction intermediates. 

The calculations of Sirnonetta and winstein' on 1, 3 interaction 
\ I l l  

in homoallyl cations C=C-C-C @ provide an excellent 
/ I I 

example. Here the minimum overall energy was calculated 

corresponding to the best compromise between (1) increasing 

electronic stabilization coming from increasing 1, 3 overlap 

by bringing the 1,3 carbons closer together and (2) decreas-  

ing stabilization associated with reducing the < C1-C2-C, (+) 

from i ts  normal  tetrahedral value. 

Nearly the same approach has been appfied with consid- 
3 

erable success to the 7-dehydronorbornyl cation ( I ) and the 

alternative (and more  favorable) formulation of the homo- 

ally1 cation a s  a bicyclobutonium ion. 
4 

M. Simonettaand S. Winstein, J. Am. Chem. Soc., 
a, 18 (1954). 

3 ~ .  G. Woods, R. A. Carboni, and J. D. Roberts, 
U d . ,  78, 5653 (1956). 

. E. H. Howden, Ph.D. Thesis. California Institute 
of Technology, 1961. 



The calculations mentioned a r e  not identical in al l  

respects  from the MO standpoint. The esoteric Simonetta- 

Winstein verbiage
Z 

almost completely conceals the use of 

the interesting idea that a - p orbital on a - sp2-hybridized carbon 

connected to another carbon that has a less-than-normal bond 

angle will not be perpendicular to the C--C internuclear line. - 
This idea i s  best illustrated by a diagram: 

bent bond 

normal angle reduced angle 

The rationale i s  that the internuclear line should not lie in 

the plane determined by the sp2-hybrid orbitals when the bond - 
angle i s  l e s s  than normal because the best overlap will be 

obtained with a "bent" bond a s  indicated above by the dotted 

line. One way of correcting for this effect i s  a s  foIlows: 

The bent bond can be taken a s  following a circle passing 

through the nuclei and tangent to the normal 109. 5" direction 

of the sp3 orbital. The p orbital of interest can be drawn - - 



perpendicular to the tangent of the bent-bond curve a s  it 

passes through the upper nucleus. The angle 6 i s  then used 

in calculations of overlap, The effect of having 6 < 90" i s  

usually to increase the overlap integral S for a 

of 4. In the other reported
3

' calculations of 

was assumed to be 90". 

Exercise 7-4 

given value 

this type, 6 

Calculate separate DE, valuep for the configura- 
tions (I and 11) of the proposed5 tricyclobutonium cation 
assuming that the CH carbon in each forms only local- 
ized u bonds, that the C-C-C angle2 at the apex a r e  90°, 
and that the bond lengths a r e  1.54 A. 

tricyclobutoniurn cation 

A 

5 ~ f .  R. H. Mazur, W. N. White, D. A. Semenow, 
C. C. Lee, M. S. Silver, and J. D. Roberts, J. Am. Chem. 
Soc. , 8 1, 4390 (1959) and the references cited therein. - 

M 



Note that in treating I appropriate account must be 
taken of the fact that 22,orbitals have positive and 
negative lobes. 



Chapter 8 

Molecular Orbital Theory 

and Chemical Reactivity 

CHEMICAL reactivity presents one of the great unsolved 

problems of organic chemistry. We know a great deal about 

how to approach the problem but a r e  usually stymied by the 

fact that we always seem to have more  parameters  to fix than 

we have resul ts  to calculate. In this chapter we shall consider 

contributions of the LCAO method toward predicting relative 

reactivities of organic molecules. We shall be illustrative 

rather  than comprehensive, and many excellent treatments 

will necessarily have to be omitted to keep the discussion with- 

in reasonable bounds. Fortunately, a number of comprehensive 

reviews on the subject a r e  available. 

THE REACTIVITY PROBLEM 

Some of the problems associated with predicting relative 

chemical reactivities a r e  perhaps most  easily reduced to sim- 

plest t e rms  by considering the relative reactivities of two dif- 

ferent positions of a given molecule toward the same reagent. 

The relative ra tes  of nitration in the meta o r  para position of 

a monosubstituted benzene provide a particularly good example. 

The course of aromatic nitration appears to involve rate- 

determining attack of NO2 @ on a ring position to give an  unstable 

"pentadienateu cation intermediate, followed by loss  of a proton 

to give the nitro derivative. 



0 

slow 

slow 

0 - H 

fast 

The energy profile of the course of these reactions i s  

a s  follows, assuming for purposes of illustration that X 

favors para over meta substitution: 

Reaction coordinate - 
The ra t e s  of the reaction will be determined by the height of 

the energy maxima corresponding to the transition state 

(marked TS). The problem in calculating the energies of the 

transition states i s  the uncertainty in the degyee of binding 

to be assigned between the NO2 @ and the ring. In the MO 

theory we would have to assign cu and P integrals to the atoms 

of the partially formed bonds, thus resulting in too many 



parameters  for  any degree of confidence in the calculated 

transition state energies. We may proceed with fewer pa- 

rameters  by estimating the relative slopes of the energy 

curves starting up from the ground state; by calculating the 

energies of the intermediates; o r  by calculating the energy 

differences between the products. All of these methods will 

work at least qualitatively provided the energy surfaces do 

not cross.  Unfortunately cases  a r e  known where the curves 

c ross  either before or  after the transition date .  

Crossing before the Crossing after the 
transition state transition state 

Conceivably the "double c ross11  i s  also a r ea l  possibility; 

with such a happenstance one could only rely on calculations of 

the relative energies of transition states. 

The "double cross"  

We shall give one or  two illustrations of calculations of 

reactivities based on different points in the energy profiles. 



PREDICTIONS BASED ON THE GROUND STATE 

In using ground state properties for predicting reacti- 

vities, we assume that the reagent will have some preference 

for approaching a particular site even before i t  gets close 

enough to seriously perturb the molecule through a significant 

degree of bond formation. 

Consider azulene, which has the following "molecular 

diagram": 

Clearly an electrophilic reagent would be expected to react  a t  

position 1 and nucleophilic reagents a t  positions 4 or  6. If 

f ree valence indexes a r e  a reliable index of reactivity, either 

positions 3 o r  4 should be most reactive toward neutral f ree 

radicals. These predictions a r e  rather well in accord with 

experiment. 

This procedure was used with considerable success by 
1 

Wheland and Pauling in the f i r s t  application of molecular or- 

bital theory to predicting orientation in aromatic substitution. 

The ground state approach would clearly fail to account 

for the greater  ease of substitution of naphthalene in the cr 

position compared to the P position by electrophilic reagents. 

This i s  because naphthalene i s  an alternant hydrocarbon and 

i s  predicted to have equal charges a t  each IT-electron center. 

'G. W. Wheland and L. Pauling, J. Am. Chem. Soc., 
57, 2086 (1935). 
M 



PERTURBATION METHODS 

One possible approach to more  reliable predictions of 

relative reactivities i s  to consider a point on the energy pro- 

file, such that the bond formation has occurred sufficiently 

with the attacking reagent to cause a considerable perturba- 

tion of the ground state, and see what energy changes the 

perturbation produces for the reaction paths being compared. 

Thus, for nitration, we might consider what happens a s  

NO2 @approaches the i th position of an arofnatic ring. One 

possibility i s  that NO2 @perturbs the system by changing the 

Coulomb integral of the i th position. Thus we might consider 

the relative effect on E, of changing the Coulomb integral of 
2 

various positions of attack. It can be shown that 

Thus if the resonance integrals of the i t h  carbon to i t s  neigh- 

bors  remain constant, the change in  E, corresponding to 

changes in a. a r e  predicted to be  proportional to the charge 
1 

q. on the i th carbon. This extends our confidence in q. a s  a 
1 1 

measure  of re-activity since q. will give the same answer f o r  
1 

the reagent that i s  close enough to give considerable pertur-  

bation, a s  well a s  when the reagent i s  too far  away to  cause 

any significant perturbation, 

'c. A. Coulson and H. C. Longuet-Higgins, Proc. Roy. 
SOC., 191A, 39 (1947). - .- 



F o r  a neutral, free-radical reagent we might expect 

that a s  the reagent begins to bond to the i th position i t  will 

not change cri but would primarily tend to change the reson- 

ance integrals P . .  of the i t h  carbon with i ts  neighbors. This 
1J 

would happen because, a s  bonding to the radical occurs, the i th 

atom i s  on i t s  way to becoming a saturated atom incapable of 

forming n bonds. 
2 

F o r  this situation i t  has been shown that 

Thus, we see that the f ree  valence index of the i th  position i s  

meaningful when a radical reagent produces a perturbation of 

Pij a s  well when it i s  far  away. 

The use of q. to evaluate changes in E, with changes 
1 

produced in cri by polar reagents does not solve the problem of 

predicting the relative position of attack on alternate hydro- 

carbons such a s  naphthalene or  butadiene. One rather  success- 

ful approach to these substances i s  provided by the "= 
electron" method. Here an electrophile i s  regarded a s  attack- 
/wcrcr\ccM 

ing the electrons of the m t  filled orbital a t  the point of highest 

electron density. 

F o r  butadiene, the orbitals have the following electron 

densities (NC:, see p. 58 ): 

,- Position .-, 
One-electron 

energies N 1 2 3 4 

a 4- 0.62P 2 0.363 0.138 0.138 0.363 

a -t 1.62P 2 0.138 0.363 0.363 0.138 

3 ~ .  Fukui, T. Yoneeawa, C. Nagata, and H. Shingu, 
J. Chem. Phvs., 22, 1433 (1954); K. Fukui, T. Yonezawa, 
and C. Nagata, E d . ,  z, 831 (1957). 



The electron density of the highest filled orbital (frontier- - i s  greatest  a t  C-1 and C-4; therefore, 

these a r e  predicted to be the positions most readily attacked 

by electrophilic reagents. 

F o r  attack by reagents, one can consider 

that the attacking reagent will tend to place a pair of electrons 

in the lowest unoccupied molecular orbital (frontier orbital). 

The position of attack i s  postulated to be a t  that atomic orbital 

of the frontier MO that has the largest  value of ct. 

F o r  butadiene, the lowest unoccupied orbital has the 

wave function q3 = 0.6015X1 - 0.3717Xz - 0. 3717X3 + 0.6015X4. 

The frontier orbital approach predicts, therefore, that nucleo- 

philic attack on butadiene should occur a t  the 1 and 4 positions. 

F r e e  radical substitution has been treated in the same 

framework by calculating electron densities corresponding to 

having one frontier electron in the normally 

MO and the other frontier electron in the lowest unoccupied 

MO. Again, for butadiene, we would predict preferential re-  

activity for  the 1 and 4 positions because (c:) + (I=?)+, > 
$2 

( ~ 2 ' ) ~ ~  ' ( ~ 2 ~ ) ~ ~ ~  

A variety of calculated frontier electron and frontier 

orbital densities have been compiled by Fukui and co-workers. 3 

Exercise 8-1 

Use the frontier approach to calculate the most  fav- 
orable positions for electrophilic, nucleophilic, and f r ee  
radical attack (not substitution) for  

a. the 1 and 5 positions of "butalenel' 

butalene 

b. bicyclobutadiene 

c. azacyclobutadiene 



Other perturbation approaches to the reactivity of alter- 

nant hydrocarbons, such a s  naphthalene, have been discussed 
2 

by Wheland and paulingl andby Coulson and Longuet-Higgins. 

LOCALIZATION PROCEDURES 

The diagram on p. 92 of the energy profile for aromatic 

nitration shows a reaction intermediate, the pentadienate 

cation, a s  having nearly the same energy a s  the transition 

state. If this i s  actually the case  then the intermediate should 

be very similar to, and a good model for, the transition state. 

Furthermore,  since the LCAO method i s  readily applicable to 

calculation of the relative T-electron energies of intermediates 

of this type, we might expect to have particularly favorable 

conditions for a quantitative treatment of relative reaction rates. 

The general approach i s  called the localization procedure. The 

name a r i s e s  because one of the n-electron centers of the ring 

i s  reckoned a s  being converted to a saturated atom in the for- 

mation of the intermediate with localization of an electron pair. 

Effects of a variety of X groups on the .rr-electron ener- 

gies of the pentadienate intermediates for electrophilic, nucleo- 

philic, and f ree  radical reagents have been calculated by 

Wheland. These calculations showed that the LCAO method ' 

can accommodate the general pattern of aromatic substitution 



reactions. That a more distinctive, a pr ior i  flavor cannot be 

ascribed to the results i s  a consequence of having to assign 

values of (Y and p for  heteroatoms in the directing substituent 

group (X). The difficulties a r e  illustrated by the following 

exercises: 

Exercise 8-2 

Set up the determinants (use group theory where 
possible) for calculations of the T-electron energies of 
the pentadienate intermediates involved in the following 
reactions. Choose appropriate values of the cu and P, 
showing the reasons for your choices. 

a. Nitration of benzene, biphenyl, fluorobenzene, 
anisole, methyl benzoate, and toluene in the position 
para to the substituent. 

b. Replacement of chlorine by ethoxide ion in p- 
chloronitrobenzene, 2-chlorobenzonitrile, and 2-chloro- 
benzotrifluoride. 

Exercise 8-3 

Show how the MO theory might be used to predict 
the effect of (CH3)3N@ a s  X on the relative ra tes  of 
nitration in the meta and para positions of C6H5X. Com- 
pare your approach to the one used by ~ i x m a . 5  

The Wheland calculations
4 

did not include effects of 

ground state resonance, which certainly would be important 

in comparisons of reactivities between different C6H5X deriv- 

atives. Some rather crude but illustrative localization calcu- 
6 

lations a r e  available where ground state resonance has been 

taken into account. 

Exercise 8-4 

Calculate the localizatidn energies (taking into 
account ground state resonance) for electrophilic, 
nucleophilic, and free radical attack on carbon in 

5 ~ .  L. J. Sixma, Rec. trav. chim. ,E, 273 (1953). 

6 ~ .  D. Roberts and A. Streitwieser, J r .  , J .  Am. Chem. 
Soc. ,z, 4723 (1952); see, also, e., 2, 6357 (1953). - 



a. cyclobutadiene and bicyclobutadiene 

b. acetyleneimine and azacyclobutadiene 

One might well wonder why the localization method i s  

not used exclusively in calculations of substitution on aromat- 

ic  systems. The principal reason i s  laziness. Calculation 

of E, for a 16-atom system, such a s  pyrene, i s  considerably 

simplified by the D2, symmetry operations to the solution of 

two five- and two three-row determinants. The corresponding 

localization calculation for attack on pyrene a t  the 1 position 

requires  solution of a 15-row determinant. However, a calcu- 

lation of this sor t  i s  child's play for a modern higlrspeed 

digital computer. 

DELOCALIZATION PROCEDURES 

In many reactivity problems the transition state might 

be said to be more  delocalized than the ground state. Dissoc- 

iation reactions, whether polar o r  f ree  radical, have this 

character.  The ionization of ally1 chloride involves a change 

Reaction coordinate ----t 

t 
+. 
M 
k 

2 

in a-electron energy of ( 2 a  4- 2 .  8 2 8 8 )  - (2a  4- 2P) = 0. 8288 in 

addition to the energy changes common to those for  the corres-  

ponding ionization of 2-propyl chloride. Assuming that these 

other energy changes a r e  the same for each chloride and that 

CH2=CH-CH2C1 C Hz =C H-C HZ OH 
(as. + HC1 (aq. ) 



* p i s  the usual 20 kcal. /mole, then we calculate that the 

ionization of allyl chloride i s  some 16. 5 kcal. /mole more  

favorable than that of n-propyl chloride. Assuming that the - 
activation energy for combination of a carbonium ion with a 

chloride ion i s  likely to be small, we can with reasonable 

safety take the transition state a s  being close in energy to the 

carbonium ion - chloride ion pair. If the 16. 5 kcal. i s  then 

assumed to reflect a difference in activation energy, the cal- 

culated factor on the ionization rate  i s  abo& 1012. The ex- 

perimental rate  difference i s  not known - no bonafide ioniza- 

tion ra te  i s  available for n-propyl chloride; however, the - 
calculated difference i s  by no means absurd. 

Similar considerations may be applied to free radical 

dissociation processes. The bond dissociation energies of 

allyl and ethyl iodides a r e  listed7 a s  36 kcal. and 51 kcal. 

respectively. The argument used above for the allyl cation 

predicts a 16. 5 kcal. difference, which is almost suspiciously 

close to the experimental value. 

Among the many illustrative applications of the deloc- 

alization procedure to reaction rates  and equilibria, the 

streitwieser8 calculations of the relative energies of ioniza- 

tion of substituted triphenylmethyl chlorides a r e  classic. 

Agreement with experiment was good, and it was shown by the 

LCAO method (25-row determinant) how a meta-phenyl sub- 

stituent could act to suppress ionization by stabilizing the 

chloride more than the cation. 

a: 
This i s  probably not a good value for carbonium ions 

(or carbanions) because of nonself-consistent fields and un- 
certainties with respect to the overall interelectronic repul- 
sion effects. 

7 ~ .  L. Cottrell, "The Strengths of Chemical Bonds, 
p. 278, Academic Press ,  New York, 1954. 

8 ~ .  Streitwieser, J. Am. Chem. Soc., 74, 5288 (1952). 
M 



Exercise 8-5 

Use the LCAO method to predict the relative ease 
of reaction of the following substances in processes 
where the C-X bond i s  broken to give cationic, f ree 
radical, and anionic intermediates: 

PRODUCT STABILITIES 

Frequently one may be interested in whether o r  not 

reactivities a r e  in accord with product stabilities. Diels- 

Alder additions involving aromatic compounds a s  dienes a r e  

of special interest in this connection. Consider the addition 

of maleic anhydride to benzene and anthracene. Fo r  benzene 

the calculated change in  E, (AE,) i s  2a t 4p. The correspond- 

ing reaction for anthracene a t  the 9,  10 positions has AE, = 

2a t 3. 32P and, a t  the 1 , 4  positions 2a t 3.64p: 



Clearly, addition to the 9,10 positions of anthracene i s  pre-  

dicted to be the most  favorable, in agreement with experiment. 

In many cases  the most  favorable sites for additions of 

this type can be found by comparing sums of pa i r s  of 8. values 
1 

for products of comparable likelihood on s ter ic  grounds. These 

give the correct  answer for anthracene, which has ai = 0.520 

a t  the 9,10 positions and 0.45 9 a t  the 1,4 positions. This ap- 

proach provides us with an example of the crossing of energy 

profiles. Consider the addition of maleic ~nhydr ide  to bi- 

phenylene. The molecular diagram shows the highest sum of 

Gi values for 1,4 positions, yet the product stabilities indicate 

that 2,11 addition should be favored. 

The following exercise i l lustrates how the localization pro- 

cedure can be employed to determine whether crossing i s  likely 

to occur before or after the transition state. 

Exercise 8-6 

On the assumption that the Diels-Alder reaction 
involves a intermediate (i. e. , localization), 
which i s  close in energy to the transition state, deter-  
mine whether the potential energy profile for the addi- 
tion of maleic anhydride to biphenylene occurs before 
o r  after the transition state. Note that for 2,11 attack 
two different biradicals can be formed depending upon 
the position a t  which localization occurs. 



An excellent review on the reactivity problem has been 

provided by Brown, and a searching critique of the applica- 

tion of simple MO theory to prediction of reactivities has been 

published by Coulson and Dewar. 10 

9 ~ .  D. Brown, Quarterly Reviews, 6, 63 (1952). 
n 

'OC. A. Coulson and M. J. S. Dewar, Disc. Faradav 



Chapter 9 

Approximate Methods 

ALTHOUGH many very interesting calculations pertain- 

ing to structure and reactivity can be carr ied out with a desk 

calculator (particularly if group theory i s  used), it i s  often 

desirable to have simpler methods available a t  one's finger 

tips. An elegant approximate approach with the simplicity of 

a slide rule has been developed by ~ a w a r '  on groundwork 

laid by the studies of Longuet-Higgins regarding the prop- 

ert ies  of nonbonding molecular orbitals (NBMO). 

NONBONDING MOLECULAR ORBITALS 

Every alternant conjugated hydrocarbon with an  odd 

number of rr-electron centers has a NBMO. The bonding and 

antibonding orbitals have energies symmetrically disposed 

with respect to the nonbonding level. Fo r  the benzyl radical  

the energy levels a r e  a s  shown on the next page. We see  that 

the NBMO i s  the orbital where those electrons go that deter- 

mine whether we have a benzyl cation, radical, or  anion. 

Furthermore, since the orbital i s  nonbonding, DE, will be 

the same for each of these species (at least  in so far  a s  the 

same (Y and p values a r e  applicable to each). 

'M. J. S. Dewar, J. Am. Chern. Soc., 74,  3341-3357 
(1952). 

M 



Energy 

0 a -  2.101p 

0 a -  1.259P 

0 a - P  

NBMO - - - -@ a 

E, = 7a + 8.72P 

DE, = 2.72P 

We know (see p. 60) that an  alternant hydrocarbon (AH) 

has a self-consistent field so that qi = 0 at a l l  atoms; there- 

fore if we remove an electron from the NBMO to get a benzyl 

cation, the p ~ s i t i v e  charge will be  distributed over those 

atoms whose orbital coefficients a r e  not zero for the NBMO. 

The same will be true if we add an electron to the radical and 

make the benzyl anion. The NBMO coefficients a r e  clearly of 

signal importance since their values determine the calculated 

distribution of the odd electron in the radical and the charges 

in the cation and anion. F o r  the benzyl radical the NBMO may 

be rendered schematically a s  follows: 

The coefficients have nonzero values fo r  the orbitals located 

on the s ta r red  (p. 74) atoms provided we s ta r  four and not 

three atoms. 



The squares of the coefficients give the electron density 

in  the NBMO, so that 417 of the odd electron of the radical i s  

predicted to be a t  the CH2 group and 117 each a t  the ortho and 

para positions. F r o m  the argument given above, the same 

fractions should represent the charge distributions of the 

cation and anion. 

It turns out to be very easy to get the coefficients of the 

NBMO. F i r s t ,  the atoms a r e  s ta r red  to get the largest  nurn- 

ber  of s tarred positions: 

Second, we use the rule ![The sum of the coefficients of the 

atomic orbitals of the s ta r red  atoms directly linked to a given 

unstarred atom i s  zero. Thus, the sum of cz and c4 (both 

attached to the unstarred atom 3)  must  be zero. The same 

i s  t rue  for c4 and c6. Similarly, _cz- + c6 t c7 = 0 since these 

a r e  for the orbitals attached to the unstarred atom c l .  

Having 

Cz + C4 = 0 

c6 t c4 = 0 

cz t c6 + c7 = 0 

we find that, if we set  c4 = 1, then c2 = c6 = -1 and c7 = 2. 

These coefficients a r e  not normalized, and with the normal- 

ization factor of 114 7, we obtain 



Exercise  9-1 

Determine the NBMO coefficients for the following 
radicals: 

a. ally1 d. a-naphthylcarbinyl 

b. cyclobutadienylcarbinyl e. t r iphenyhethyl  

c. 2 , 4 ,  6-heptatrienyl 

The coefficients obtained in this way a r e  not approximate; 

they a r e  the coefficients that also come out of the solution of 

the secular determinant. 

In some cases  the NBMO does not extend over the entire 

molecule, and more  than one t r ia l  assignment must  be used t o  

get the proper coefficients. Consider the system 

Now, if we set  c6 = 1, then c4 = cg = ~ 1 2  = -1, This, however, 

violates the condition that c4 t cg $ clz = 0. Evidently, c4 = cg 

= clz = 0;  thence, setting cz = 1, ~ 1 4  = c15 = -1 SO that +NBMO 

the odd electron of the radical 

part  of the ring system. 

= 11 4 3 (X2 - X14 + Xi5). Clearly, 

does not extend over naphthalene 

Exercise  9-2 

a. Derive the NBMO coefficients for  the following 
radical: 



b. Calculate AET for the formation of this radical 
from 

and compare the calculated value with a, for the 
corresponding process with the double bond a t  the 4 
position saturated. 

Exercise 9-3 

Use the NBMO of the benzyl radical to predict which 
of the following would have the more  basic nitrogen atom: 

Exercise 9-4 

Consider substitution of a given electron-donating 
group on the P-naphthylcarbinyl cation. Use the NBMO 
of the cation to predict qualitatively the order of stabil- 
ization that would be produced a s  a function of position 
of substitution of the electron-donating group. 

Exercise 9-5 

a. Determine the NBMO coefficients of 

b. Predict qualitatively a s  much a s  you can about 
the properties of the following azaderivatives : 



APPROXIMATE CALCULATIONS OF En 

The NBMO coefficients can be  used in  approximate 

calculations of a-electron energies by a method developed by 

~ e w a r "  and by Longuet-Higgins. Consider a conjugated 

hydrocarbon (RS) with an  even number of carbons and a a- 

electron system that might be considered to be the result  of 

joining up two (R and S) by one o r  more  a 

bonds. The a-electron system of butadiene would be the re-  

sult of linking up the a systems of ally1 and methyl, while 

benzene would result  f rom pentadienyl and methyl o r  two 

allyls . 

The Ea of RS might be expected to be  related to the 

product of the coefficients of the atomic orbitals of R and S 

a t  the point of joining up; the larger  the coefficients the more  

bonding to be expected. Dewar and Longuet-Higgins specifi- 

cally propose that the NBMO coefficients may be used for this 

purpose with the aid of the following equation: 

Here, c and c refer  to the NBMO coefficients of R and S 
OR OS 

a t  the junction points-of a-electron systems. F o r  butadiene, 

we have 

E2 = 28(1 1 /42 )  t a + 3a t 2.818P 

= 4a + 4.23P 

which i s  to be compared to 4a t 4.4728 for the complete cal- 

culation (p. 46). The agreement i s  not too good; but assuming 

M. J. S. Dewar, J .  Chem. Soc., 329 (1950); 3532, 
3534 (1952); M. J'. S. Dewar and H. C. Longuet-Higgins, 
Proc. Rov. Soc. , @&, 482 (1952). 



that a table of E, values for simple odd AH radicals i s  avail- 

able, such a s  follows, the calculations can a t  least  be made 

very quickly: 

Radical E, (by LCAO method) 

Ally1 3a + 2.8188 

Pentadienyl 5a + 5.468 

Heptadienyl 7a + 8.058 

Nonadienyl 9a + 10.638 

Benzyl 7a + 8.728 

a-Naphthylcarbinyl l l a  f- 14.498 

8-Naphthylcarbinyl l l a  + 14.278 

The two ways of assembling benzene give different 

calculated values of E,. 

The agreement with the 6a + 88 value obtained by the regular 

LCAO method i s  not very impressive, and there i s  an ambiguity 

about which way to build up the system. It will be shown later 

how this ambiguity can be turned to r ea l  advantage in another 

connection. The best choice of R and S i s  expected on theo- 

retical grounds to be the one that gives the smallest  product 

) since this corresponds to the smallest  perturbation. 1 
(zc ,RC~S 



The Dewar method in at least one case may give a more 

realistic answer than more refined calculations. Pentalene 

(as yet unsynthesized) i s  predicted by LCAO calculations to 

have Ea = 8a t 10.46p and DE 'IF. = 2.46P, The approximate 

method gives E, = 8a t 8.05P and DE, = 0.05P. 

- 
pentalene +1/2 -112 

Exercise 9-6 

Estimate E, by the RS technique of assembling the 
.rr-electron system for the following substances: 

Exercise 9-7 

Consider the possibility of calculating E, of conju- 
gated hydrocarbons by assembling their ,-electron 



systems from R and S units where R and S a r e  f r e e  
radicals (not necessarily AH) and E, i s  considered to 
be some function of the Si values of the radicals a t  
the junction points. 

ORIENTATION IN AROMATIC SUBSTITUTION 

We have shown how the combination of the ,-electron 

system, R and S, may lead to different approximate E, 

values for a given hydrocarbon depending upon how R and S 

a r e  chosen. With naphthalene, for example, 

Dewar uses these differences a s  a way of approximating 
localization energies. In other words, instead of calculating 

the ,-electron energy of naphthalene by the RS procedure, i t  

i s  used to estimate the energy of the localized intermediates 

that corresponds to substitution a t  the 1 and 2 positions. The 

outcome i s  a s  follows (omitting the appropriate multiples of 



cr a s  correspond to attack by cationic, anionic, o r  radical 

reagents):  

F o r  substitution 
a t  the 1 position 

F o r  substitution 
a t  the 2 position 

This method of calculating localization energies i s  very 

quick and easy, especially for complicated polycyclic alter-  

nant hydrocarbons. 

Exercise 9-8 

Estimate the order  of ease of attack of NO2 @ on 
each of the positions of the following substances by 
Dewar ' s  procedure: 

a.  benzene c. phenanthrene 

b. anthracene d. biphenylene 

Exercise 9-9 

Use Dewar's method in combination with other more  
qualitative reasoning to estimate the relative ease of 
displacement of chlorine by ethoxide ion for the mono- 
chloroquinolines and the monochloroisoquinolines. 



Chapter 10 

Higher Order Calculations 

MOLECULAR orbital calculations of the type described 

in these Notes a r e  often called zero-order calculations be- 

cause of the many assumptions involved. Higher order  

approaches a r e  available in considerable profusion. Un- 

fortunately, most of these a r e  not very convenient for  use 

by organic chemists. It i s  not difficult to include overlap 

(i. e .  , take S.. # 0)  and make corrections in  Coulomb inte- 
1J 

grals  for  nonself-consistent fields, in resonance integrals for 

bond lengths, and in the o-bond framework for angle strain.  

All of this may or  may not constitute a first-order approach, 

depending upon one's point of view. 

There a r e  some fundamental approximations in the 

simple LCAO method that a r e  harder to evaluate. One is the 

validity of the linear combination of atomic orbitals a s  a n  

approximation to molecular orbitals. Another i s  the assurnp- 

tion of localized o bonds. A proper treatment probably should 

take account of the so-called o-.rr interactions. Beyond these 

rather  basic assumptions i s  the bothersome business of deal- 

ing explicitly with interelectronic repulsions. These repul- 

sions a r e  expected to be functions of molecular geometry a s  

well a s  the degree of self-consistency of the molecular field. 

Thus, cyclobutadiene must have considerably greater  inter- 

electronic repulsion than butadiene, with the same number of 

.rr electrons. 



The usual procedures for calculating interelectronic 

repulsions in molecules a r e  complicated. Space does not 

permit discussion of more  than the elements of one, perhaps 

typical, approach, which i s  of interest  here because i t  s tar ts  

with our regular LCAO molecular orbitals calculated a s  de- 

sired with or  without overlap. 

The steps involved a re ,  first ,  calculation of the one- 

electron molecular orbital energies for the field of the nuclei 

and cr-bond electrons. Usually much more  detailed account 

is taken of molecular geometry than i s  done in the simple MO 

theory. The repulsions between the electrons in  the same and 

different molecular orbitals a r e  then calculated for particular 

electronic configurations (such a s  the lowest state). The usual 

MO coefficients a r e  used to determine the fraction of the time 

a given electron spends in a particular orbital. The exclusion 

principle i s  employed to reject all  t e rms  that amount to having 

two electrons with the same spin in a given atomic orbital. 

The resu l t  i s  to have the total r-electron energy (attraction 

and repulsion) of a configuration set  up on the basis of one- 

electron molecular orbitals that were obtained m t  consid- 

eration of interelectronic repulsion. It would, of course,  be 

only a coincidence if this energy were to represent the mini- 

mum possible calculated energy. The energies of a number 

of "excited" configurations with one, two, or  several electrons 

in normally unoccupied molecular orbitals a r e  also calculated. 

These excited states may have more  o r  less  interelectronic 

repulsion than the presumed lowest state. 

The next step i s  to use the variation method to find the 

most  favorable linear combination of the wave functions ( q  n), 

corresponding to particular electronic configurations, just a s  

before we made linear combinations of atomic orbitals: 



Here advantage i s  taken of the possibility of mixing config- 

urations having low-energy orbitals but high interelectronic 

repulsion with configurations having l e s s  favorable orbitals 

but l e s s  interelectronic repulsion. In effect, the electrons 

a r e  assumed to achieve a measure of correlation to diminish 

interelectronic repulsion. This procedure i s  called 

uration interaction. Configurations with different symmetries,  - 
a s  judged by group theory and with different numbers of 

paired electrons, a r e  found not to mix. The configuration 

interaction approach has been used with considerable success 

in correlating electronic spectra. So far  i t  does not seem to 

have been applied extensively to reactivity problems, and 

these would be extremely laborious with a desk calculator. 

Hopefully, the advent of large digital computers will permit  

more  work along these lines. 



Appendix I 

Solutions of Typical Exercises 

in the Use of the 

Simple LCAO Method 

EXERCISE 2-8 

Calculate by the LCAO MO method whether the 
l inear (H-H-H@) state or  the triangular state of H ~ @  
i s  the more  stable. Do the same for H3 and H ~ @  

Procedure. - The f i r s t  step i s  to compute the energy 

of the molecular orbitals for each geometric arrangement. 
1 2 3  

F o r  linear H ~ @  (H-H-H), the determinant will be 

if i t  i s  assumed that HI1 = HzZ = H33 = a; H12 = HZ3 = P; and 

H13 = 0. We then may write 



With two electrons in the lowest orbital, we have the config- 

uration 

F o r  H3 we have one more  electron and E = 3 a  t 2 . 8 3 P .  F o r  

 and still another electron E = 40 t 2 .  83P. 

Proceeding in the same way for  H ~ @  in the triangular 

configuration, the determinant is found to be 

where Hll = HZ2 = H33 = a  and Hlz = Hlf = HZ3 = P. We can now 

write 

x l l  

1 x 1 

l l x  

= o  



With two electrons in the lowest orbital, we have the config- 

uration 

F o r  H3, the energy of the triangular configuration i s  3a t 3P; 

while, for H ~ @ ,  it i s  4. t Zp. 

W e  see  that the triangular state of i s  predicted by 

the simple LCAO method to be more  stable than the linear 

state. However, the reverse  order  of stabilities i s  suggested 

for H3 @ . The two states a r e  predicted to have nearly equal 

energies for H3. 

EXERCISES 2-14, 3-1, 3-3, and 3-4 

Calculate the n-energy levels, DE,, the final wave 
functions, pij, and qi for bicyclobutadiene. 

Procedure. - The n-electron system of bicyclobutadiene 

i s  a s  shown below: 

Proceeding a s  for 1,3-butadiene, we set HI1 = Hz2= H33 = &4 

= a ,  HI2 = H14 = Hz3 = Hz4 = H34 = P, and H13 = 0. The deter- 

minant i s  shown on the next page followed by the electronic 

configuration: 



Localized bicyclobutadiene i s  easily calculated to have 

a .rr-electron energy of 4a + 4p. The predicted resonance 

energy (DE,) i s  thus 1.12p (-20 kcal. ). 



F o r  calculation of the coefficients of the + functions, we 

need to take ratios of cofactors (see p. 34). If we let  An = 
(cofactor),, then 

Al = 

x l l  

1 x -1  

l l x  

= x 3 - 3 x t 2  

I 
1 1  1 

0 x 1 

l l x  

F o r  E = cr t 2. 56158, x = -2. 5615, 

= -x(x - 1) 

1 x 1  

0 1 1 

l l x  

= 2 ( x - 1 )  



The ra t ios  of coefficients mus t  be nbrmalized (p. 35): 

Therefore,  for  E = cr + 2. 56158, 

A check on the coefficients is provided by calculating 

the energy of through the re la t ion,  

(if i s  normalized) 
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If we take Hll = Hz2 = H33 = & = a,, H12 = H14 = H23 = H24 = H34 

= p, and H13 = 0, then 

Using the above values of the coefficients 

which i s  a satisfactory check. 

In the same way, E = a, has the corresponding $ function 

When E = a, - f3, if we substitute x = I in  the equation, 

we find (c2/cl ) = 110, which means that cl (and c3) must  be 

equal to zero. If so, then 

$3 = (1/dz)(xz - ~ 4 )  

F o r  E = a, - 1. 56168, the usual procedure gives 

F o r  the bond o ~ d e r s  (cf. p. 53), 

We need only consider p12 and ~24: 



The bond orders  can be checked by the equation (cf. p. 55) 

E = Na + 2p(Bp..)  
1J 

= 4a + 2P(4.0.48506 + 0.62123) 

The f ree  valence indexes 8 .  a r e  calculated by the following 
1 

equation (cf. pp. 56-57): 

6 
& = 4. 732 - 2pi j , ,  - Bp. .  

l J > W  

The charge distribution in the 8-electron system can 

be evaluated in te rms  of qi (p. 58) where 

F o r  bicyclobutadiene, 

and 



The above calculated quantities a r e  summarized in the 

following ltmolecular diagram" of bicyclobutadiene: 

t o .  379 
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Small-Ring Compounds. X. Molecular Orbital Calculations of Properties of Some 
Small-Ring Hydrocarbons and Free Radicals1 

BY JOHN D. ROBERTS, ANDREW STREITWIESER, JR. ,~ AND CLARE M. REGAN 
RECEIVED MARCFI 17, 1952 

The molecular orbital (LCAO) method has been used to calculate the electron delocalization energies, bond orders and free- 
valence indexes of some cyclic small-ring hydrocarbons and free radicals includmg a number of cyclobutadiene derivatives 
It is concluded that the (4n + 2) r-elcctron rule of aromatic stability can only be justified by the simple molecular orbital 
treatment for monocyclic conjugated polyolefins. 

One of the substantial successes of the simple 
molecular orbital theory as developed by Hiickela 
is the prediction that, of the completely-conjugated 
planar monocyclic polyolefins as cyclobutadiene, 
benzene, etc., those which possess (4n + 2) a-elec- 

( I )  Supported In part by the  prosram of resesrrhol the UnitcdStates 
Atomie Encrgy Commission under Contract AT(30-1)-805. 

(2)  U. S. Atomic E n c r ~ y  Commission Post-Doctors1 Fellow. 1951- 
1052 - -. 

(3) D. Ililckcl. Z. Phyrik, 70, 404 :193l): "Grundzlge der Theoric 
ungesittiger and nromnrisclrer Verbindungen." Verlas Chemie, Berlin. 
1838. pp. 77-85 

trons (n = 0,1,2,3 . . . ) will be peculiarly stable 
by virtue of having fully-filled molecular orbitals 
with substantial electron delocalization (resonance) 
energies as compared to the classical valence bond 
structures. The same rule may be a p ~ l i e d ~ , ~  with- 
out known exceptions, to the cyclopropenyl, cyclo- 
pentadicnpl, cycloheptatrienyl, etc., cations, anions 
and free radicals although but few quantitative cal- 

(4: (2) €1. 1. Dsuben. Jr.. and H. J. Ringold. Trm JOURNAL. 7s.  
87R 11861): (131 W. v. I.: Doering and F. L. Dctert, d b d .  78. 8711 
(1051). 



culationsaf6 on such species have been published 
previously. I t  has been sometimes assumed6 

without proof that the (4n + 2) T-electron rule 
holds for polycyclic as well as monocyclic conju- 
gated polyolefins despite the fact that a number of 
seemingly anomalous stable substances are known; 
e.g., dibenzcyclobutadiene (diphenylene), acenaph- 
thylene, pyrene, fluoranthene, etc. In the present 
work, the general applicability of the rule has been 
considered as part of a search for new cyclic con- 
jugated systems, particularly derivatives of cyclo- 
butadiene which might be predicted on theoretical 
grounds to be reasonably stable. Cyclobutadiene 
itself has been well studied from the standpoint of 
the molecular orbital theoryam6J and has been pre- 
dicted to have an unstable triplet ground state. 
Cyclobutadiene is of course highly symmetrical 
and it has been of interest to determine whether the 
simple molecular orbital theory predicts that less- 
symmetrical substituted cyclobutadienes would be 
more stable and have triplet ground states. 

All of the calculations in the present paper have 
been made by the simple molecular orbital 
methoda.8J with neglect of resonance integrals 
between non-adjaceht atoms and of non-ortho- 
gonality of atomic orbitals on different nuclei. 
Wherever possible the secular determinants were 
factored by group theory  procedure^.^ The re- 
sults must be regarded as being uncertain and essen- 
tially qualitative by virtue of the known limitations 
of the method, including not only the general diffi- 
culties discussed by Coulson and Dewarlo but also 
the uncertainties introduced by non-self-consistent 
fields in other than "alternant" hydrocarbons." 
For each compound, we have calculated the delo- 
calization (resonance) energy (DE) in units of 0 
(about 17 kcal.), the bond orderssJz and the "free- 
valence" indexes.13 The results are given in 
Fig. 1. Where the simple molecular orbital theory 
predicts a triplet ground state, the compounds in 

(5) G. W. wheland,'~. Chcm. Plrys.,l, 474 (1934). 
(6) Cf,, (a) V. Boekelheide. W. E. Langeland and C. T. Liu. THIS 

JOURNAL, 78,2432 (1851); (b) J. D. Robprts and W. F. Corham, ibid., 
74,2278 (1852); (c) W. v. E. Doering, Abstracts of American Chemical 
Soeicty Meeting, New York. September. 1951, p. 24M. 

(7) (a) W. G. Penney, Proc. Roy. Soc. (London). 8146. 223 (1834); 
(b) G. W. Wheland, ibid., A164, 397 (1838); (4 C. A. Coulson, ibid., 
Al69, 413 (1838); (d) G. W. Wheland. THIS JOURNAL. 63. 2026 
(1841); (e) C. A. Coulsan and W. E. Moffitt, Phil. M s g . ,  (71 40, 1 
(1848): (f)  D. P. Craig. Proc. Roy. Soc. (London), APOa, 488 (1850); 
(e) D. P. Cmig, 3. Chcm. Soc.. 3175 (1851). 

(8) C. A. Coulson and H. C. Longuet.Higgins, Pfoc. Roy. Soc. 
(London),A191,38 (1847). 

(8) H. Eyring, J. Wdterand G. E. Kimbal1,"Quantum Chemistry," 
Tohn Wilev and Sons. New Vork. N. Y.. 1844. Chap. XIII. 

(10) C.A. Coulson and M. J. S. Dewar, Discussions of Ihc Forodoy 
Soc., 2, 54 (1847). 

(11) (a) C. A. Coulron and 0. S. Rushbrooke. Proc. Ccmb. Phil. 
Soc.. 86. 183 (1940); (b) D. P. Crnig and A. Maecoll, J. Chcm. Soc., 
864 (1848); (c)  craig7'J has recently indicated that neither the simple 
molecular orbital or valence bond treatment is likely to be reliable br 
calculation of the properties of cyclobutadiene or ather conjugated 
cyclic polyolefins (designated ns "pseudoaromatie" compounds) in 
which configuration interaction is important; (dl Prof. C. A. Coulson 
(priv~tc eommunicntion) suzgerts that in many of our amall-ring ex- 
amples (Fig. I) the neglected *--interactions are possibly of campar- 
able importance to the r-rr-intenetlonr. 

(12) C. A. Caulson. Proc. Roy. Soc. (London), A164, 383 (183.3). 
(13) (a) C. A. Coulson, Trans. Fcrodoy Soc.. 42, 265 (1940); 

DisrussionsofForodor Soc.. 8.7 (1847); 3. chim. phys., 41,243 (1848); 
(b) in our caleulations, we need Nmnr equal to 4.732 since the value 
4.688 used by Coulson ~ i v e r  n ncxative value of F for C(CHI)I. 

Fig. I. are marked with a T following the figures 
forDE. 

Compounds I-XI11 are cyclobutadiene deriv- 
atives of various types. Cyclobutadiene itself (I) 
is predicted to have zero DE, a triplet ground 
staterbse (cf. ?owever, CraigTf-g), but not unusual 
free-valence indexes ( F ) . l V h e  apparent insta- 
bility of the substance might be ascribed to the trip- 
let ground s t a t e 7 h n  the basis of the molecular 
orbital treatment since the known cyclopropene 
should have comparable or greater angular strain. 
I t  is interesting that various types of substituted 
cyclobutadienes without fused rings (11-VI) are 
predicted to have moderate DE-values but also 
triplet ground states arising from accidental de- 
generacies. The vinyl derivatives (11-IV) show 
quite high F-values a t  the terminal positions of the 
double bonds. VII-XI are benzcyclobutadienes, 
the calculations for which indicate clearly the lack 
of theoretical justification for the (4n + 2) r-elec- 
tron rule when applied to other than monocyclic 
systems. VII, VIII16 and XI violate the rule, but 
are predicted to have singlet ground states, sub- 
stantial DE-values (particularly for VIII which has 
actually been shown to be quite stable1" and F- 
figures a t  all positions lower than those of ethylene. 
On the other band, I X  which is an isomer of naph- 
thalene with ten r-electrons is predicted to have a 
triplet ground state although its position isomer X 
should have a singlet ground state. I X  is particu- 
larly interesting as an example of a possible "aro- 
m a t i c ~ ~  a alternantV1l hydrocarbon with a pre- 
dicted triplet ground state. 

Comparisons of XI1 and XI11 with cyclobuta- 
diene (I) are very interesting. Classical valence 
theory can only predict that fusion of double bonds 
onto I would result in considerably less stable sub- 
stances. However, the simple molecular orbital 
treatment suggests that XI1 and XI11 would be 
very different from I in having singlet ground states 
with substantial DE- and low F-values. If XI1 
could be prepared,17 studies of its bond distances 
would be of considerable importance since they 
would provide an excellent competitive test of the 
predictions of the simple valence bond and molecu- 
lar orbital treatments. The valence bond method 
predicts the order of the central bond to be 1.33 
corresponding to a C-C distance of about 1.42 A. as 
in graphite while the molecular orbital approach, 
with a calculated bond order of 1.00, predicts a bond 
distance of about 1.54 A. as in normal single bonds. 

XIV-XVII are cross-conjugated polymethylene- 
substituted systems which irrespective of sym- 
metry and number of r-electrons are predicted to 

(14) Typical calculated R-values lor difierent types of carbon atoms 
are as fdlows: methyl radical, 1.73; r-position of B benzyl radical. 
1.04; =-positions in 9-quinodimethane which is apparently stable in 
the vapor state bu t  which polymerizes rapidly in condensed phases, 
0.82 (singlet state); rf. C. A. Coulson. D. P. Craig, A. Maccoll and 
A. Pullman, Discurrions of Ihc Foroday Soc, 8 ,  36 (1947); cthylenc. 
0.73; benzene, 0.23; central carbon of C(CHI)I, 0.00. 

(15) VIII has been trented by the molecular orbital method previ- 
ously by other workers whose caleulstions w e  ~ i v e n  here for cornpariaon 
purposes; cf. C. A. Coulson. Nohrc, 160,577 (1942). and J. Warer and 
V. Scho-ker. T H r s  JOURNAL, 66. 1451 (1843). 

(10) W. C. Lotbrop, Bid., 68, 1187 (1941); 64. IO(1.3 (184s); see 
also Waser and Sehomaker.l6 

(17) Experiments directed toward synthesis of simple deriyatives 01 
XI1 are currently in progress. 



Sept. 20, 1952 MOI,RCUI,AR ORBITAL CALCULATIONS OF SMALL-RING HYDROCARBONS 4,581 

D E =  0.96p DE: 1.46/3 D E :  2.94p 
xmn xlx X X  m XXll XXrlI 

m X X P I  XXPII X E m  XXIX XXX 
R@ DE: 2.00p DE:i.24p;T DE=2.99p DE.3.6513 D E = 3 . 5 8 / 3  DE=4.70? D E = 1 . 5 9 / 3  

R. D E = 1 . 0 0 / 3  D E = 1 . 8 5 / 3  DE=2.54P D E = 3 . 2 4 ( 3  DE = 3.88P D E = 4 . 4 8 / 3  DE=159P 
RQ DE=O.OOp;T DE:2.47/3 DE=P.IO/);T D E e 2 . 8 3 / 3  DE=a.17/3 DE =4.25/3 DE 1.59P 

Fig. 1.-Calculations by molecular orbital method. Delocalization energies (DE) are given below each formula, the bond 
orders (@) are shown by figures near each bond and the free-valence indexes (F) for each position are placed a t  arrow points. 
The letter T denotes a predicted triplet ground state. The free valence indexes given for XXIV-XXX are those calculated 
for the free radicals. 

have singlet ground states. Although the calcu- 
lated DE-valuesI8 are substantial, the F's a t  the 
CH2 positions are quite high and suggest that these 
substances should polymerize readily like p-quino- 
dimethane.14 

XVIII-XXI are possible fulvene-like substances 
and are predicted to have singlet ground states 
and auite stable T-electron s y ~ t e m s . ~ ~ ~ ~ ~  X X  is 
parti&larly interesting since the three- and five- 
membered unsaturated rings might be qualitatively 
expected to accommodate well positive and negative 
charges, respectively, to give a charge distribution 
as in XXXI. The calculated DE is high (fulvalene 
with an additional double bond = 2.80 Po) and as 

(18) (a) J. Syrkin and M. Diatkina, Acln Fhyriochevr. (USSR), 11, 
1141 (1946) give DE = 1.20 0 for XVI; (b) A. J. Nnmiot. M. E. Dint- 
kina and Y. K. Syrkin, Compl. nnd .  ored. sc i .  (USSR). 48, 233 (1945); 
C. A , ,  40, 4927 (1846) give DE = 1.82 j3 for XVII. In  neither case 
were t he  bond orders or I;valaes calculated. 

(19) A related molecule, fdvalene (_=c\, has been 

analyzed thoroughly by R. D. Brown. l'mfrs. P n m d w  Sol-.. 46, 298 
(1949); 46, 146 (1950). 

(20) J. Syrkin and M. Dyntkinnts ~ i v c  DF3 = 0.96 0 for XVIII. 

would be expected for the postulated charge sep- 
aration, the computed bond order of the bond link- 
ing the two rings is quite low compared to the cor- 
responding bonds in XIX and fulvalene (1.67).20 
XXI has interest as a possible non-pseudoaromatic7g 
analog of azulene and pentalene with a substantial 
pedicted resonance energy. 

XXII and XXIII represent diradical isomers of 
XVI and XVII. Here, the molecular orbital 
treatment amees with the classical valence theorv 
in that these substances should be di- 
radicals with high F-values. Both substances 
have low DE's compared with their isomers. 

XXIV-XXIX represent series of cyclic conju- 
gated cations, free radicals and anions. With 
XXIV-XXVI, the calculated stabilities of the 
various ionic species alternate with ring size in a 
remarkable manner. I t  seems significant that no 
experimental exceptions have been found to the 
predicted b e h a v i ~ r . ~ . ~ , ~ ~  The calculations for 
XXVII-XXIX show that benz-substitution of 
XXIV-XXVI does not alter the relative ionic sta- 
bility sequences predicted for the unsubstituted 

(21) While no published evidence is available on the species corre- 
sponding to XXIV, preliminary qualitativeexperimentsin thisLaborz- 
tory indicate that cycloprapene may not react with Grignard reagent- 
under conditions where eyclopmt;wlirne is converted to cyclopenta 
dienylmagncsimn compounds 



species, although the differences in DE are con- 
siderably smaller. With the benz-derivatives none 
of the ionic species is predicted to have a lowest 
triplet state. 

The cyclobutadienylcarbinyl radical (XXX) is 
interesting in that it is calculated to have a DE more 
than twice that of the benzyl radical. The diier- 
ewe between the radicals is narticularlv str ikin~ 
when it is remembered that kethylcycl~butadien~ 
would have a DE of 2 P less than that of toluene. 
The calculations suggest that mcthylenecyclobu- 
tene XXXII should be readily attacked by free- 

radical, anionic or cationic reagents at  the 4-posi- 
tion. 

XXXII 

Acknowledgment.-We are much indebted to 
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Predictions of the Simple Molecular-Orbital Theory 

Regarding the Flexibility of the Nitrogen Chains of Diazoazides 
1 

By John D. Roberts 

Huisgen, ugi2 and co-workers have offered cogent evidence for formation of 

cyclic pentazoles (I) in the reaction of diazonium salBs with azide ion. A simple 

(but not necessarily correct) mechanism for cyclic pentazole formation in these 

reactions would involve ring closure of open-chain diazoazides (11): 

I1 I 

Sdch a cyclization process mlght be regarded to be energetically unlikely to 

compete with the very rapid decomposition of I1 to and N;! because, during the 

ring closure, thg extended chain of I1 would have to bend around in an almost 

alarming way to bring the 1- and 5-nitrogens close enough together to permit 

formation of an N-N u-bond. Obviously, the ease of such bending would be influ- 

enced by the changes in conjugation between the various nitrogen atoms as the 

bond angles change and the purpose of this paper is to show how information can be 

gained from the simple (LCAO) molecular-orbital theory .regarding the flexibility of 

diazoazide chains with the intent of assessing the ease of the cyclization reaction. 

Contribution No. 2555 from the Gates and Crellin Laboratories, California 
Institute of Technology, Pasadena, California. 

R. Huisgen and I. Ugi, &m z., 2, 2914 (1957) and later papers. 



At first glance it might be predicted that the various resonance forms 

which can be written for the diazoazide chain should lead to a most favored linear 

structure with the chain of five nitrogens sticking out from R like a spike. !&us, 

consideration of the resonance forms (like 11a-IIC) suggest6 a hybrid structure 

IIa IIb IIc 

wit3 multiple-bond character between each nitrogen which would require that the 

chain be rather stiff. Whether the chain would be linear or not would be expected 

to depend on the relative contributions of each form Thus IIa alone would lead 

to a molecule bent at nitrogens 1, 2 and 3 while IIb alone would lead to bends at 

1, 3 and 4. This fact should warn us that the simple resonance theory might not be 

rigorously applicable to this variety of compound since the forms under consider- 

ation would have rather different preferred geometries when represented by con- 

veniAonal models. 

The simple LCAO molecular-orbital treatment can be applied to the diazoazide 

chain in a quite straightforward way. A few simplifying assumptions made to 

facilitate comparisons between different configurations will be discussed as they 

are introduced. First, let us consider a completely linear diazoazide chain. %is 

would have each nitrogen (except 5) forming =-hybrid bonds to its neighbors and 

would give two mutually perpendicular sets of porbitals overlapping in the 

3 manner (111). 

R 
I 2 3 4 5 



We shal l  postulate atom 5 as having an unshared electron pair  i n  a 2s-orbital, 

and we shal l  assume henceforth that  such 2pelectron pairs  do not interact  appre- 

ciably with other electrons i n  Q-orbitals on an adjacent nitrogen without f i r s t  

' being themselves promoted t o  a *orbital. The two mutually perpendiculsr sets  of 

f ive p o r b i t a l s  sham for  I11 lead by the usual procedures3 t o  two se t s  of bonding, 

nonbonding, and antibonding molecular orbitals  wlth energies and charge distr i-  

butions as  sham in  Fig. l(A). Throughout these calculations, we have assumed the 

coulomb and resonance integrals of each nitrogen t o  be a and B respectively (inde- 

pendent of hybridization and location i n  the chain) without any implication that  dl 

and B have the same numerical values as  for  carbon. To give generality, we have 

neglected a l l  resonance effects of R. Also, as  is customary in  simple calculations,. 

we have made no attempt t o  correct for  nonself-consistent f ields.  

Of the to t a l  of twenty-five nitrogen electrons of 111, nine are used i n  

u-bonds and two are unshared in  the 2porbita1, thus leaving fourteen electrons 

t o  be divided among the two %-orbital systems as shown in  Fig. l(A). Clearly, th is  

electronic configuration has the appearance of being grossly unfavorable since the 

l a s t  two electrons must go into antibonding orbitals. In addition, the configur- 

ation would have biradical character i f  the spins of the two single electrons in  the 

highest occupied orbitals  are unpaired. The t o t a l  n-electron e n e r a  calculated for 

t h i s  configuration i s  14a! + 8.933. 

Now consider a different configuration for  the N5 chain wherein we allow the 

N-1 t o  have an unshared pair so that  the R-N-N angle becomes less than 180'. This 

arrangement leads t o  the hybridization scheme IV and the orbi ta l  energies and 

B. Pullman and A. Pullnan, "Les Theoriee Electroniques de l a  Chimi? Grganique," 
Masson e t  Cie, Paris, 1952, pp. 176-201. 



charge distributions as shown 'in Fig. 1(~). There are exactly the same n-er aP 

o-bonds as  for  I11 and a to t a l  of twelve electrons t o  be put i n  the X-orbital 

systems of IV. As w i l l  be seen from Fig. 1 ( ~ )  the situation in  one way is more 

favorable than with I11 because there are two electrons in  a less antibonding orbital  

than the  highest occupied orbi ta l  of III. However, %here me  fewer % -electrons 

and less t o t a l  w-bonding energy ( 1 k  + 8.938 for 111 s. IAY + 8.708 for  N). 

Does th i s  mean that  111 i s  2a + 0.238 more stable than N? The answer must be no, 

because we have neglected the energy change attending the conversion of N-1 from 

the s ta te  Were it forms linear 2 ~ - b o n d s  t o  tha t  where it forms angular pbonds. 

This change, of course, includes the demotion of an electron from 2g t o  2s. Let us 

denote the change in  energy accompanying the change in  hybridization of a nitrogen 

of t h i s  sor t  as Q. Clearly Q gauges the tendency of the unshared electrons t o  

escape the bondage of the %-electron system. Since Q w i l l  be occurring frequently 

in the subsequent calculations, we consider next how we can evaluate it or, a t  least, 

define i t s  limits. 

Benzenediazonium ion cauld conceivably have i t s  GI?-N equal t o  180' ( ~ a )  or  less  

than 180" with a 2E2 unshared electron pair  on N-1 (Vb). X-ray diffraction studies 
4 

Chr. ~ b d n g ,  Acta Cbem. Scand., 2, 1260 (1959). 



indicate the linear conf'iguration to be correct. Simple MO calculations show the 

energy of Va to be ha + 48 and Vb to be 201 + 28. The twu form would also differ 

by the energy term Q associated with the change of hybridization of N-1. Since the 

actual configuration is linear, we deduce that Q <(ha + $3) - (2a + 28) or 

Q42CY: 4- 28 . 
Now consider an organic azide. Here we could have the configurations VIa, 

VIb and VIc. 



'ke calculated energies for the three forms are 8a c 5.668, I% + 4.838 and 
h + 2.838, respectively. In the sequence VI+VIc, each configuration differs 

from its neighbor by Q 5  It is known that organic azides have configurations 

corresponding to VIb. With this information we can squeeze & between ZCt + 0.838 

and 2CL + 28. For the sequel, let us set Q equal to 2a + (1.4 t 0.4)!3, the limits 

of uncertainty being set by the presumption that organic azides are not on the 

verge of going wer either to configuration VIa or VIc. 

After this lengthy detour for the purpose of evaluating Q, we return to our 

consideration of the diazoazide configurations 111 ana IV. Vith the inclusion of Q 

as 2Cx + (1.4 5 0 . 4 ) ~  as a stabilizing factor for IV, we find IV now to be more stable 

than 111 by [ 2a + (1.4 + 0.4)~ 1 - (2a + 0.236) or (1.2 +_ 0.4)~. Since p for N-N 

bonds could well fall &where in the renge of 10-30 kcal, IV is certainly mch 

more favorable than 111. 

With the aid of the concepts developed above we can compute energies for a 

succession of diazoazide configurations (~11-XI) with bends at different places 

and with increasing bending as befits an approach to formation of a cyclic penta- 

zole (I). Each of the forms (VII-XI) has the same number of u-bonds. 7 

Note that VIc Ziffers from VIb by ogly one Q unit because one of the unshared 
pairs on &3 is a Q~ pair with energy 2CY. Thus, N-3 undergoes no hybridization 
change in going from configmation VIb to VIc. 

1. Paling and L. 0. Brockway, J. &. a. E., a 13 (1937). 

No attempt was made to compare the MO energy of I with those calculated for the 
diazoazide configurations because I has an additional u-bond. 





m e  energies (without and with appropriate Q terms) and charge distributions caL 

culated for VII-XI are presented in Fig. 1(~-G). 

Although the limits of error are large it is interesting that the "c~nventional'~ 

diazoazlde structure X is predicted to be the most stable of the configurations. 

The really extraordinary thing, however, is the closeness of the calculated energy 

values for VII, X and XI. Each configuration is bent in a different way; and, if 

the energy barriers between them were not too high, the Witrogen chain might 

very well resemble more an undulating rope rather than a stiff spike! Of especial 

interest is XI, the practically cyclized diazoazide. The calculated energy for 

this form is very favorable and, amazingly, the predicted charge distribution shows 

a juxtaposition of positive and negative charges on N-1 and N-5 which is highly 

favorable for ring closure to a pentazole (I). 

In summary, simple LCAO calculations for the diazoazide chain combined with a 

reasonable figure for nitrogen hybridization changes, lend credence to the hypothe- 

sis2 that diazoazides may cyclize to pentazoles at rates comparable to their facile 

decomposition to nitrogen and-organic azides. 
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